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Unrestricted density functional theory (UDFT) is, in addition to its application to high spin
multlplet systems, an efficient method for describing singlet biradical states. In this connectlon,
spin contamination of the UDFT description as measured by the expectation values of §* is of
interest, but is difficult to assess since the calculation of (%) as the expectation value of a two-
particle operator. 1s not possible within the single-determinant approach of DFT. A new way
of determining (S ) from the UDFT (UHF or any other) spin magnetization density (SMD)
mg(r) = p,(r) — pg(r) is described and applied to the stretched H, molecule and the singlet
state of the para-didehydrobenzere biradical for a number of different functionals. Although
(§%) as calculated from the Kohn-Sham determinant is found to differ significantly from the
corresponding value obtained with the help of the SMD in the case of singlet biradicals, the
former result is a diagnostic value and can be used to assess spin contamination of the UDFT
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description on a qualitative basis.

1. Introduction

Density functional theory (DFT) [1] is nowadays used
widely in quantum chemistry, and as a low cost method
with relatively high reliability it has largely replaced
wavefunction methods such as Meller—Plesset second-
order (MP2) perturbation theory or Hartree—Fock
(HF) theory [2]. There is a tendency for many applied
quantum chemists to use DFT methods in a similar way
to wavefunction methods. In this spirit, unrestricted
DFT (UDFT) is applied widely for the description of
open-shell systems to exploit the higher flexibility of the
Kohn-Sham (KS) single-determinant wavefunction and
to get a better account of spin polarization effects.
UDFT calculations lead to reasonable results at low
computational cost in many cases. However, the ques-
tion of spin contamination in the UDFT singlet state is a
matter of controversy. As for UHF and UMP [3], the
calculation of (§%) from the UDFT KS determinant
leads to a value different from the ideal value
S(S§+1) =0. One could argue that this is irrelevant
and should be ignored or one could consider the
UDFT result to be basically wrong because of spin con-
tamination as indicated by the ($%) value. In the latter
case, it would be logical to improve the UDFT result by
using the sum formula [4] or by employing spin projec-
tion methods [5, 6] and to replace UDFT by PUDFT in
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the same way as UHF is replaced by PUHF or UMP by
PUMP (often called PMP) [3].

Given the usefulness of UDFT for singlet biradicals
on the one hand and the controversy regarding the spin
contamination of UDFT states on the other hand, it is
of interest to develop methods to analyse the spin sym-
metry of a state described by UDFT. In wavefunction
theory, one can enforce the correct spin symmetry of the
many-particle wavefunction by proper construction, as
for spin restricted open-shell methods [7]. Alternatively,
if the calculation has been done spin unrestricted, i.e.
with arbitrary spin symmetry allowed for the wavefunc-
tion [8], one can subsequently use the difference
(8%) — S(S+ 1) as a measure of spin contamination of
the wavefunction by contributions with a higher spin
multiplicity. For DFT, only the KS reference wavefunc-
tion is available, which is related to a fictitious reference
system of non-interacting particles. Accordingly, it is
not possible to calculate correctly two-particle quantities
such as (§?) even if the correct KS reference wavefunc-
tion would be known. A value of ($%)ppye differing
from S(S + 1) does not necessarily indicate that the cor-
responding many-particle state is spin contaminated,
and that one has to cure this problem by constructing
the KS wavefunction with correct spin symmetry as
done for spin restricted open-shell DFT (RODFT) [9].

The spin symmetry problem within DFT has been
discussed by a number of authors. Pople et al [10]
argued that the appropriate KS formalism for multiplet
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systems should be unrestricted rather than the open-
shell restricted one, and that spin contaminations of
the KS reference wavefunction should be ignored.
Wang et al. [11] used the Léwdin formula [12] to appro-
prlately calculate ($%) for UDFT. They found that the
(8?) value calculated from the KS orbitals, while for-
mally not correct, still is reasonably accurate and con-
tains relevant information.

Previous investigations were focused on high spin
open-shell states such as doublet radicals or triplet bir-
adicals, [5, 6, 10, 11] but did not consider singlet biradi-
cals. If the exact XC functional were known, then these
singlet systems would be described correctly with closed-
shell RDFT, and biradical character would be described
by the XC energy functional. However, the available
approximations for the XC energy functional fail to
reflect the strong static correlation effects present in
these systems and, therefore lead to a qualitatively
incorrect description. The RDFT solution is in addition
externally unstable and the minimum energy of an S
biradical corresponds to an UDFT solution with
broken symmetry, where UDFT gives in general a con-
siderably better description of the system than RDFT
does. The UDFT solution has a <S‘2)UDFT_45 value greater
than S(S+ 1) = 0 and, depending on the XC functional
used and the electronic system considered, adopts values
between 0 and 1. In the same way as for high spin open-
shell cases, one might argue that in view of the unsolved
problem of calculating the correct (8%) ppr the
<S‘2)UDFT_45 value is not reliable and thus not necessarily
an indication of spin contamination of the corre-
sponding many-body state. On the other hand, it is
likely that a single-determinant description of a multi-
reference problem such as an S biradical suffers from
basic problems and, because of this, that reliable char-
acterization of the UDFT solution is desirable.

An alternative and probably more reliable account of
spin contamination can be found by investigating one of
the key quantities of spin resolved DFT, namely the spin
magnetization density (SMD) mg(r) = p,(r) — ps(r).
(We use the term spin magnetization density in view of
the fact that (a) this term is frequently used in solid state
physics and (b) the alternative term spin density is often
used in connection with the spin resolved densities p,,(r)
and py(r).) For a pure S state, as for any pure multiplet
state with 8, = 0, the SMD m(r) must vanish every-
where. As this is not the case for the UDFT solution,
the state described must be a superposition of contribu-
tions with different spin multiplicity. The question arises
whether my(r) can be used not only to indicate spin
contamination but also to predict a more reliable
value of the expectation values of 8%, which will be
denoted as <S‘2)UDFT .- By comparing (8 )uprr.e and
<S2)UDFT m, One can demde on the relevance of the

former value as a means of diagnosing spin contamina-
tion.

In this work, we derive a method for calculating
(8)UpFTm» Which is based on comparing the SMDs
from the UDFT description of the singlet (S) biradical
and the UDFT description for the corresponding triplet
(T) biradical. The SMD approach for calculating the
expectation value of §? is not restricted to DFT but
can be applied also to any quantum chemical method
that provides an SMD. Accordingly, we can test the
reliability and usefulness of the SMD method at the
UHF level of theory utilizing the fact that <S‘2)UHF_45
calculated from the UHF wavefunction represents a reli-
able reference. The test is performed for the stretched
hydrogen molecule, which represents the archetype of an
S biradical. Then, the SMD method is applied to the
DFT description of stretched H, and to the S biradical
state of para-didehydrobenzene employing a number of
different XC functionals. para-Didehydrobenzene is the
subject of the present research on enediyne antitumour
drugs [13, 14] and, therefore it is chosen as a representa-
tive of an important class of organic biradicals with
similar electronic and structural features. Finally, we
will draw conclusions on the diagnostic value of
(8")upFr e @s calculated from the KS reference wave-
function.

2. The SMD method for calculating (S%)

In wavefunction theory, the value of ($?) can be cal-
culated either as an expectation value, which requires
the calculation of matrix elements involving T and
higher excitations,

(8%) = (P|87|w)/(¥|P), (1)

or alternatively as a response property from the ground-
state energy E\, of the perturbed Hamiltonian H, =
H+ )8 [3]:

o dEN)

&= o)
(82 values calculated with either equation (1) or (2) are
identical for HF and MCSCF, but not for MPn or CC
methods since the latter do not fulfil the Hellmann—
Feynman theorem. At the DFT level, the calculation
of (§%) as an expectation value requires knowledge of
the two-particle density according to the Lowdin for-
mula, which can be given only in an approximate way
[10, 11]. Conversely, calculation of (§?) as a response
property would lead to some basic problems in DFT,
one of which has to do with the fact that it involves the
use of virtual KS orbitals for modelling excited KS
determinants.
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We follow in this work a third approach to the calcu-
lation of (8?), which is based on an appropriate (S?)
reference value of a suitable reference state and a com-
parison of the SMDs m(r) of these states. Clearly, this
limits the application of the new approach, but on the
other hand provides a reasonable description of spin
contamination of precisely those electron systems in
which we are primarily interested.

In figure 1, the SMD m(r) of the H, molecule
stretched to R = 1.4 and calculated at the UHF level
with a cc-pVTZ basis [15] is shown in the form of a
contour line diagram, where solid contour lines denote
a surplus of « and dashed contour lines a surplus 3 spin
density. Clearly, the surplus of « spin density is located
at the first while a surplus of /3 spin density is located at
the second H atom (see figure 1), thus indicating that at
the UHF level the S state is contaminated by a T state
with S, = 0.

Since the UHF description of the stretched H, mol-
ecule is contaminated by just the T state, we now predict
the weight of the T component and, accordingly,
(8% ygr by comparison of the SMD of the broken-
symmetry state (figure 1(«)) and the SMD of the corre-
sponding T state (figure 1()) also calculated at UHF.
As shown in figure 1, the SMD of the T state is every-
where positive and finite in the centre of the molecule
(for the UHF description of the S state it is zero at this
location). The SMDs for the S and T states can be used
for a determination of spin contamination of the UHF
description of the S state provided that the following
holds.

(1) The T state appearing as a contamination in the
UHF description can be represented by the
directly calculated UHF T state. Of course, this
assumption can hold only approximately since
the T contamination and the UHF T state will
differ. The T contamination is a direct result of
balancing the mixing of the S ground state and a
doubly excited S state within a single-
determinant description, and therefore it must
differ from the T state for which the wavefunc-
tion is optimized at the UHF level. This differ-
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Figure 1. (a) SMD distribution m(r) = p,(r) — ps(r) of the
stretched H, molecule (R =1.4 A) in its S ground state

2)

ence will cause errors in the SMD calculation of
<Sz)UHF_mS that can be assessed directly by com-

paring <S‘2)UHF_mS and <S‘2)UHF_(15 of the stretched
H, molecule.

In the general case, the UHF description of a T
biradical will also be contaminated. One could
think of using the spin restricted open-shell
description of the T state (ROHF, RODFT,
etc.); however, by this one would lose the advan-
tages of spin unrestricted theory, for example of
describing spin polarization correctly. Hence, one

calculated at the UHF/cc-pVTZ level of theory and given
in the form of a contour line diagram in the plane of the
molecule. Solid lines indicate a surplus of « spin, and
dashed lines, a surplus of 3 spin. The following contour
lines are used: 0,40.0001, +0.0002, 40.0005, =+0.001,

40.002, £0.005, £0.01, +£0.02, +0.05, +0.1 eay>. (b)

SMD profile (in edy’) of the S ground state (dotted
line) and the first T state (solid line) of the stretched H,
molecule (R = 1.4 A) calculated at the UHF/cc-pVTZ
level of theory and shown as a function of distance r for
0<r<4A where r=0 is the bond midpoint. (c)
Schematic drawing of the UHF orbitals ¢, and ¢, of
the S ground state of the stretched H, molecule with the
definition of bond length R and position parameter r.
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has to stick to the UHF description of the T
state. Experience shows that its contamination
is rather small as reflected by (%) yp g for T
states, which normally differs only slightly from
S(S + 1) = 2. Hence, one can neglect the contam-
ination of the T state.

(3) For S biradicals with more than two electrons,
one has to consider in addition to the T contam-
ination also contaminations from higher spin
multiplets. We assume that these higher contami-
nations can be neglected.

(4) The T and S states of a biradical possess different
geometries. It is assumed that any differences in
the two geometries are so small that the SMD of
the T state calculated at the S geometry does not
differ much from the true SMD of the T state.
Actually, this assumption is an extension of
assumption (1), and indicates that S and T states
are calculated under the same conditions.

Clearly, assumption (1) is the most critical one, and
therefore we have chosen stretched H, as an appropriate
example to test the validity of assumption (1). The SMD
method based on assumptions (1) to (4) can be derived
in the following way. The UHF wavefunction of the S
state is built up from the two UHF orbitals 45 = ¢,o

and ¥} = ¢, :

|OPnr) = alb,

0), (3)

where the creation operators act on the two orbitals ¢,
and ¢, which are sketched in figure 1(¢). Due to
breaking of spin symmetry, these orbitals are localized
at the first and second H atom, respectively. The SMD
of the S state is given by

S = 6 (1)? = 04 (r)” 4)

By decomposing |@5) into S and T components, one
finds that

() unr = (PunrlS’ | Punr)

=1~ {(¢alon)’. (5)

In the case of orthogonal orbitals ¢, and ¢,
(8*)up = 1, which corresponds to a 1:1 mixing of S
and T contributions in the UHF state (see equation
(12) below) whereas ($%)yr < 1 will occur if ¢, and
¢, overlap.

The T UHF function is analogously built up of two
spin orbitals ¢} and v, which in general will be inde-
pendent of the orbitals ¢ and 3. However, employing
assumption (1) we assume that the spin orbitals for both
the T and the S states are based on the same space
orbitals ¢, and ¢, i.e. ¥} = ¢, and ¢} = ¢,c. In con-
trast to ¢, and ¢}, the spin orbitals ¢} and i} generally

are not orthogonal to each other, which results from the
fact that they are not the canonical orbitals for the two
electrons. The overlap (v,|¢,) is equal to (¢,|¢,) and,
according to equation (5), related to ($%) yr. To
account for this overlap, one has to introduce a normal-
ization factor C into the T wavefunction, which then

takes the form

|Dlur) = C&LZ’L 0), (6)
C=[1—(gles)’]"?
= (") Uit (7)
The SMD for the T state is given by
1
ml(r) = —=——{82(r) + G3(r)
(%) unr

— 1= () el Poamep(m}.  (8)

Comparison of equations (4) and (8) reveals that for an
equal mixture of S and T states in the UHF description
of the S state (large R and {¢,|¢,) = 0), the SMDs of S
and T states are identical in the non-bonding region:
mIHES — pUHET — 42 For smaller R as shown in
figure 1(b), the two space orbitals ¢, and ¢, overlap,
the S contribution to the UHF S state is larger than
the T contribution, (§%)yr < 1 and mPHET is scaled
up by a factor 1/<S‘2)UHF so that mPHET > pUHES 4y
all regions of the stretched H, molecule. In the non-
bonding regions where one of the two orbitals domi-
nates, the SMDs of the UHF S and UHF T states are
proportional to each other, so that one can determine
<S‘2)UHF_mS directly from the proportionality factor:

M) = (82 ey (1) for g, ()] > [y (r)]  or
|65(0)] > [a(r)]. ©)

Hence, one can apply the SMD method if it is possible
to identify a suitable region in the molecule where the
electron population of one of the open-shell orbitals
contributes predominantly to the SMD. In such a
region, the relative spin polarization

¢(r) = (pa(r) = ps(r))/p(r) (10)

of the S-UDFT state is equal or close to 1. Accordingly,

it is reasonable to fit mPHFS to the ansatz

mSUHF,S _ mSUHF,T (11)

employing a least-square criterion. The factor f should
lead to a reasonable estimate for <S‘2)UHF_m according to
equation (9). o

Utilizing <S‘2)UHF_mS, the percentage of S and T char-
acter in the UHF description can be derived from

(8 our = x(8%)° + (1 —x)(8H)T. (12)
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When this approach is applied to systems with more
than two electrons, one must make an additional
assumption, viz. that

(5) the core of doubly occupied orbitals is not spin
polarized or, alternatively, that its spin polariza-
tion in the S and T states is comparable.

This assumption is closely connected to assumptions (2)
and (3) above, which play no role in a two-electron
system. Experience shows that assumption (5) is not
correct; however, differences resulting from spin polar-
ization effects are in general rather small.

The SMD method in its ultimate formulation makes
use of the SMDs of the S and T states and considers the
orbitals ¢, and ¢, only as intermediate quantities. This
means that the SMD can be applied to any spin unre-
stricted method such as UMP, UHF-CC or, in particu-
lar, UDFT. In the following, we will discuss results
obtained with the SMD method at the UHF and
UDFT levels of theory, trying to answer questions
raised in section 1.

3. Application of the SMD method for calculating (S%)

All calculations were carried out using standard
theory and Dunning’s cc-pVTZ basis set [15]. Seven
different functionals representing three basically dif-
ferent approaches in DFT were tested at the UDFT
level: 1, the SVWN functional, which is a typical repre-
sentative of the LSD approach since it combines the
Slater exchange functional [16] with the Vosko—Wilk—
Nusair correlation function [17]; 2, BP86, 3, BPWO1
and 4, BLYP represent functionals using the generalized
gradient approximation (GGA); the Becke88 exchange
functional [18] based on Slater exchange and corrections
involving the gradient of the density is combined with
Perdew’s gradient corrected correlation functional P86
[19]; the Perdew—Wang-1991 gradient corrected correla-
tion functional [20] or the LYP correlation functional of
Lee et al. [21]; 5, B3PWO91 and 6, B3LYP are Becke’s
three-parameter hybrid functionals with the fitting
parameters A = 0.80, B=0.72 and C = 0.81; while 7,
mPWIPWOI1, is the one-parameter hybrid functional
of Barone and Adamo [23] based on the modified
Perdew—Wang exchange functional mPW1 and the
Perdew—Wang 91 correlation functional. mPWI1PW91
represents a member of the new class of one-parameter
hybrid functionals which have been optimized further to
extend the applicability of DFT [24]. The single par-
ameter of mPWIPW91, which mixes HF and DFT
exchange, is 0.25 as determined by lowest order
Gorling-Levy perturbaton theory [23]. All calculations
were carried out with the quantum chemical programs
Cologne 99 [25] and Gaussian 98 [27].

For the calculation of <S‘2)UHF_mS and <S2>UDFT.m;
equation (11) was used after selecting an appropriate
region to compare the SMDs of the S and T states as
calculated with UHF or UDFT. In the case of heavy
atoms, we find a shell structure (see below) close to the
nucleus, which is probably due to differences in the «
and 8 KS core orbitals (see assumption (5)). Therefore,
we restrict the fit procedure to the region 0.5-3 A away
from a reference nucleus in the non-bonding region of
the molecule to make sure that equation (9) is fulfilled.
In the case of the H, molecule, this region is along the
bond axis while for the para-didehydrobenzene biradical
the direction along the outer bisector of the C3C4C5
(see later in figure 4) bond angle was chosen. In figure
2a), calculated (%) gp,, and ($?)ppr.. values are
given as a function of the internuclear distance R of
the stretched H, molecule (solid lines). They are com-
pared with the corresponding <S‘2)UHF_45 and <:S‘2)UDFT_45
values obtained from the UHF or KS wavefunctions.

The RHF description of the H, molecule becomes
unstable for bond lengths R > 1.2 A (figure 2(a)).
With increasing R, the UHF solution becomes increas-
ingly more stable than the RHF solution, while spin
contamination of the UHF wavefunction increases
from 0 to 1 for R =1.2 — oo. Generally, the possible
gain in total energy due to the restricted—unrestricted
transition (measurable, e.g. by the energy difference
E(U) — E(R)) for a given method, is larger the lower
the correlation energy the restricted version of this
method covers. RHF does not cover any Coulomb cor-
relation at all, and therefore it is less stable and the
corresponding UHF state is more spin contaminated
for any bond length R > 12 A than any of the DFT
methods investigated (figure 2(a)). RDFT-BPWI1
becomes unstable for R > 1.52A and RDFT-SVWN
for R>1.78 A. This reflects the fact that (a) DFT
methods cover a considerable amount of dynamic cor-
relation effects; and (b) LSD methods such as SVWN
systematically overestimate dynamic electron correla-
tion effects in distinction to gradient corrected methods
such as BPWO91, which accounts for the smaller
instability of RDFT-SVWN as compared to RDFT-
BPWOI1. DFT methods fail to describe static electron
correlation effects; however, this is partly compensated
by an overestimation of dynamic correlation effects.

Figure 2(a) and in particular (b), in which the differ-
ence (8?), — (8%), is given as a function of (%), reveal
the extent to which (8%, and <S‘2)ms agree for the dif-
ferent methods. Obviously, the two values for (§?) differ
strongly for small spin contaminations (($%), < 0.5)
suggesting ($%) o <S‘2)(lp/ * rather than direct propor-
tionality for <S‘2)5(15 — 0. This indicates that assumption
(1) becomes less justified the more the two orbitals ¢,
and ¢4 overlap. On the other hand, one finds that the
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Figure 2. (a) (§%) for the stretched H, molecule as calculated
from the KS determinant and from the SMD given as a
function of the bond distance R at the UHF/cc-pVTZ,
UBPWO91/cc-pVTZ, and USVWN/cc-pVTZ levels of
theory. The experimental equilibrium bond length R, is
indicated. Calculated equilibrium bond lengths are:
0.7344 A (HF/cc-pVTZ); 0.7481 A (BPW9l/cc-pVTZ),
0.7641 A (SVWN/cc-pVTZ). (b) Difference A(S2> =
(S2>UDFTA,“S — (8" uprre calculated at the UHF/cc-
pVTZ, UBPW91/cc-pVTZ, and USVWN/cc-pVTZ levels
of theory for the stretched H, molecule.

two values for ($%) agree well for UHF provided
(8% > 0.5.

For the UDFT methods, the difference (5%), — (5%),
is up to 50% larger than the corresponding UHF differ-
ence, which indicates that, besides the systematic errors
because of orbital overlap, there is a systematic increase
in differences, suggesting that <S‘2>UDFT_(15 is inaccurate in
this region. However, deviations are smaller than 0.1 for
(§%)5>0.6 and decrease to less than 0.02 with
increasing ($%),, which means that <S‘2>UDFT_¢ gives a
reasonable approximation for the amount of spin con-
tamination under these conditions.

The geometrical parameters of para-didehydroben-
zene calculated at the UDFT/cc-pVTZ level of theory

(b)

Figure 3. SMD distribution m(r) = p,(r) — ps(r) for (a) the
S ground state and (b) first T state of para-didehydroben-
zene calculated at the UBP86/cc-pVTZ level of theory and
given in the form of a contour line diagram in the plane of
the molecule. Both calculations were done at the geometry
of the S ground state. Solid lines indicate a surplus of «
spin, and dashed lines a surplus of 3 spin. The following
contour lines are used: (a) 0, £0.0001, £0.0002, £0.0005,
40.001, £0.002, 0.005, 0.01, 0.02, 0.05, 0.1, 0.2edy", and
(b) 0, +0.0001, =+0.0002, =+0.0005, =+0.001, =+0.002,
40.005, £0.01, +0.02, +0.05, +0.1eap°.

are listed in table 1. They indicate a regular distortion of
the benzene hexagon such that the internal ring angles
C6C1C2 and C3C4C5 are widened while the remaining
four angles are narrowed. This is the result of rehybri-
dization of the C orbitals from typical sp* (as in ben-
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Table 1. Geometrical parameters of the S and T states of the para-didehydrobenzere biradical
calculated at UDFT/cc-pVTZ.”

Functional R(C1C2) R(C2C3) R(C1C4) a(C1C2C3) a(C3C4C5)
S state

SVWN 1.345 1.437 2.676 117.5 125.1
BP86 1.368 1.437 2.692 117.3 125.4
BPWOI1 1.368 1.432 2.686 117.3 125.4
BLYP 1.368 1.443 2.701 117.4 125.3
B3PWO1 1.366 1.414 2.658 117.1 125.8
B3LYP 1.366 1.419 2.664 117.1 125.8
MPWI1PWI1 1.365 1.410 2.654 117.1 125.8
T state

SVWN 1.365 1.398 2.602 116.2 127.7
BP86 1.381 1.413 2.638 116.4 127.3
BPWOI1 1.379 1.411 2.636 116.4 127.3
BLYP 1.382 1.416 2.646 116.4 127.2
B3PWI1 1.372 1.401 2.622 116.4 127.1
B3LYP 1.373 1.404 2.628 116.4 127.1
MPWI1PWI1 1.370 1.399 2.619 116.4 127.1

“Distances in A and bond angles « in deg.

zene) toward sp hybrid orbitals at the single electron
centres C1 and C4. The orbital containing the single
electron can adopt more pm character and negative
charge is shifted from the outside to the inside of the
ring, which is of advantage for a through-bond coupling
mechanism [27] involving the o*(CC) orbitals of bonds
C2C3 and C5C6 or the corresponding in-plane m;,(CC)
orbitals. The geometries for the S and T state of the
biradical are similar and, accordingly, justify the
assumption that for a comparison of the SMDs of the
two states the S geometry can be used. Figure 3(a, b)
gives the SMDs for the T and S states of para-didehy-
drobenzene determined at UDFT-BP86/cc-pVTZ. The
SMD distributions for the other DFT methods and for
UHF look similar. The similarities with the SMDs for
the stretched H, molecule (figure 1) are obvious. For
example, there are again two atoms (Cl and C4) with
a surplus of either « spin or /3 spin density, as found in
the case of the UDFT description of the stretched H,
molecule. Also, there is a typical spin polarization pat-
tern of the SMD for the S (and to some extent also for
the T) state, which is best explained with the intra-
atomic Hund rule: if at C4 there is a surplus of « den-
sity, then C3 and C5 will be the locations of a surplus of
(3 density, the adjoint H atoms the locations of a surplus
of « density, etc.

Figure 4 depicts the SMD profiles for the two states
calculated at UDFT-BP86/cc-pVTZ along the line con-
necting the centre of the ring and the position of nucleus
C4. Close to the C4 nucleus, at r— r(C4) = 0.08 A,
there is a minimum in the SMD of both S and T

e
=
1

0.014

0.001; —— Triplet

Spin Magnetization Density mg [electron/bohr3]

Cui U Singlet
0.0001 : et ; : . .
4} 0.5 1 15 2 2.5 3 3.5 4

Distance r [A]

Figure 4. SMD profile (in eap”) of the S ground state (dotted
line) and the first T state (solid line) of para-didehydro-
benzene calculated at the UBP86/cc-pVTZ level of theory

and shown as a function of distance r for 0 < r <4 A
along the bisection of the bond angle C3C4CS, where
r=0 corresponds to the centre of the molecule. The
inset schematically shows the UDFT orbitals ¢, and ¢,
used for the calculation of (§%),,.

(appearing as a cusp on the logarithmic scale of figure
4), followed by a maximum of the SMD at
r—r(C4) = 0.34 A. The maximum of the SMD can be
related to the maximum probability of finding the single
electron at C4, which should be closer to the C nucleus
than the electron pair of a CH bond (normally 0.7 A
away from the C nucleus). The minimum reflects spin
polarization of the core electrons, and can be considered
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Table 2. Description of the UDFT broken-symmetiy state of para-didehydrobenzene with the help
of KS orbitals and the SMD.*

% S % S
Functional mg(r) KS orbitals (S‘2>ms (84 A(S?)
SVWN 69.9 75.5 0.602 0.491 0.111
BP86 55.7 59.5 0.886 0.812 0.074
BPW91 54.5 57.5 0.909 0.854 0.055
BLYP 56.8 61.7 0.864 0.767 0.097
B3PW91 52.2 52.0 0.956 0.963 —0.007
B3LYP 52.3 53.2 0.954 0.939 0.015
MPWI1PW91 51.4 51.2 0.971 0.981 —0.010

“The percentage of S character is calculated from the fraction x of equation (12) using either the
SMD m,(r) = p,(r) — pg(r) or Kohn—Sham (KS) orbitals. (8%, and (S‘2>mb denote the expectation
values of §” calculated from KS orbitals and the SMD mj(r), respectively.

as part of a shell structure at the C nucleus which is
strongly perturbed on the other side of the C4 nucleus
inside the ring, since rehybridization of the single elec-
tron orbital and through-bond interactions (see above)
lead to a shift of spin density from the outside to the
inside of the ring.

The similarity between the SMD profiles of the S and
T states in the particular case of the BP86 functional
(figure 4) and for all functionals investigated in this
work makes it possible to determine ($%), according
to equations (9) and (11). Table 1 summarizes
(8" upFrm and (8% ppre values for para-didehydro-
benzene as obtained for the seven different XC func-
tionals employed in this work. As for the stretched H,
molecule, the <S‘2)UDFT_mS values tend to be higher than

the corresponding (S?);ppr o values, with the deviation
increasing as ($%)yppre decreases. For hybrid func-
tionals, the SMDs indicate an almost equal mixing of
S and T states and an ($?) gy value close to 1. Differ-
ences A(S?) = () upprm. — (S upFT e are small, in
line with the observation made for stretched H, at
large distances R.

The more electron correlation effects are covered by a
particular unrestricted method, the smaller is spin con-
tamination. This is confirmed by the functionals inves-
tigated in this work. SVWN covers the largest amount
of correlation effects and, accordingly, it leads to the
smallest degree of spin contamination as reflected by

the <S2>UDFT,mS values of table 2. At the same time, the

difference A(S?) is the largest obtained for all func-
tionals. Again, this is in line with the observations
made for stretched H,. With increasing electron correla-
tion, the through-bond coupling mechanism between the
single electrons increases (reflected in shorter CC bonds,
table 1), rehybridizaion at C1 and C4 becomes stronger,
and orbital overlap between ¢, and ¢, also increases.
The KS determinant is less suited to calculating

(8*)uppr- Altogether, while (8*)ppy,, differs from
<S‘2)UDFT_45 quantitatively it gives a qualitatively correct
account of the spin contamination in the UDFT state.
The similarities in the behaviour of (§%), and (§?),
indicate that assumptions (3) and (5) above are
sensible.

4. Conclusion
The SMDs calculated for the S andAthe T states of a
biradical can be used to determine ($*), for UDFT.

m,

The method works well provided orbitals Zzsa and ¢, do
not overlap strongly, which can mostly be guaranteed by
selecting a molecular region in which either ¢, or ¢,
dominates. Results show that (8)yppre obtained

from the KS determinant differs from (%) ppy ,, ; how-
ever, deviations are small enough for us to attribute
significant diagnostic value to the former.

This work was supported by the Swedish Natural
Science Research Council (NFR). All calculations were
done on the Cray C90 of the Nationellt Superdatorcen-
trum (NSC), Link6ping, Sweden. The authors thank the
NSC for a generous allotment of computer time.

References

[1] HOHENBERG, P., and Konn, W., 1964, Phys. Rev. A, 136,
864; Konn, W., and SHawMm, L., 1965, Phys. Rev. A, 140,
1133.

[2] For reviews on DFT methods see, e.g. PARR, R. G., and
YANG, W., 1989, Density-Functional Theory of Atoms and
Molecules (Oxford University Press); LABANowski, J. K.,
and ANDZELM, J. W, 1990, Density Functional Methods
in Chemistry (Heidelberg: Springer-Verlag); SEMINARIO,
J. M., and PouriTzER, P., 1995 Modern Density
Functional Theory—A Tool for Chemistry (Amsterdam:
Elsevier); LAIRD, B. B., Ross, R. B. and ZIEGLER, T.,
1996, Chemical Applications of Density Functional
Theory (Washington, DC: American Chemical Society);
JouBerT, D., 1997, Density Functionals: Theory and



Diagnostic value of (S°) in KS DFT 989

Applications  (Heidelberg:  Springer-Verlag), CHONG,
D. P., 1997, Recent Advances in Density Functional
Methods, Part 1II, (Singapore: World Scientific);
Dosson, J. F., VIGNALE, G. and Das, M P., 1998,
Electronic Density Functional Theory, Recent Progress
and New Directions (New York: Plenum Press); GILL,
P., 1998, Encyclopedia of Computational Chemistry, Vol.
1, edited by P. v. R. Schleyer, N. L. Allinger, T. Clark, J.
Gasteiger, P. A. Kollman, H. F. Schaefer III, and P. R.
Schreiner (Chichester: Wiley), p. 678.

[3] Amos, T.,and HaLL, G. G., 1961, Proc. R. Soc. Lond. A,
263, 483; SCHLEGEL, H. B., 1986, J. chem. Phys., 84, 4530;
1988, J. phys. Chem., 92, 3075, KNowLEs, P. J., and
Hanpy, N. C., 1988, J. phys. Chem., 92, 3097,
CHEN, W., and ScHLEGEL, H. B., 1994, J. chem. Phys.,
101, 5957.

[4] See, e.g. Lim, M. H., WORTHINGTON, S. E., DULLES,
F.J., and CRAMER, C. J., 1996, Chemical Applications of
Density Functional Theory, edited by B. B. Laird, R. B.
Ross and T. ZieGLErR (Washington, DC: American
Chemical Society) p. 402; ZIEGLER, T., RAauk, A., and
BAERENDS, E. J., 1977, Theoret. Chim. Acta, 43, 261.

[5] Houk, K. N., 1995, International Chemical Congress of
Pacific Basin Societies (Pacifichem 95), Honululu, Hawaii,
Abstract Phys. 522; GOLDSTEIN, E., BENO, B., and Houk,
K.N., 1996, J. Amer. chem. Soc., 118, 6036.

[6] WiTTBRODT, J. M., and SCHLEGEL, H. B., 1996, J. chem.
Phys., 105, 6574.

[71 RooTHAAN, C. C. J., 1960, Rev. mod. Phys., 32, 179
EpwaRrDs, W. D., and ZErRNER, M. C., 1987, Theoret.
Chim. Acta, T2, 247, CarBO, R., and RIEza, J. M.,
1978, A General SCF Theory (New York: Springer);
ANDREWS, J. S., Muray, C. W., and Hanpy, N. C.,
1993, Chem. Phys. Lett., 201, 458.

[8] PorLE, J. A., and NESBET, R. K., 1954, J. chem. Phys., 22,
571.

[9] See, e.g. LaMING, G. L., HANDY, N.C., and Amos,R.D.,
1994, J. chem. Phys., 100, 6550.

[10] PopLE, J. A., GiLL, P. M. W., and HanDY, N. C., 1995,
Intl. J. Quantum Chem., 56, 303.

[11] WaANG, J., BECKE, A. D., and SmiTH, V., 1995, J. chem.
Phys., 102, 3477.

[12] LowpiIN, P. O., 1995, Phys. Rev., 97, 1474.

[13] BorDERs, D. B., and Dovyre, T. W., 1995, Enediyne
Antibiotics as Antitumor Agents (New York: Marcel
Dekker).

[14] See, e.g. MARQUARDT, R., BALSTER, A., SANDER, W.,
KraAkA, E., CREMER, D., and RaDzIszEwskl, J. G.
1998, Angew. Chem., 110, 1001.

[15] KeEnDALL, R. A., DUNNING Jr., T. H., and HARRISON,
R.J., 1992, J. chem. Phys., 96, 6796.

[16] SLATER, J. C., 1974, The Self-Consistent Field for
Molecules and Solids (New York: McGraw-Hill).

[17] Vosko, S. H., WiLK, L., and NusaIr, M., 1980, Can. J.
Phys., 58, 1200.

[18] BECKE, A. D., 1988, Phys. Rev. A, 38, 3098.

[19] PErRDEW, J. P., 1986, Phys. Rev. B, 33, 8822.

[20] BurkE, K., PErDEw, J. P., and WanG, Y., 1998,
Electronic Density Functional Theory: Recent Progress
and New Directions, edited by J. F. Dobson, G. Vignale,
and M. P. Das (New York: Plenum Press); PERDEW, J. P.,
1991, Electronic Structure of Solids *91, edited by P.
Ziesche and H. Eschrig (Berlin: Akademie Verlag) p. 11;
PErRDEW, J. P., CHEVARY, J. A., Vosko, S. H., JACKSON,
K. A., PEDERSON, M. R., SINGH, D. J., and FIOLHAIS,
C., 1992, Phys. Rev. B, 46, 6671; 1993, Phys. Rev. B, 48,
4978; PERDEW, J. P., BURKE, K., and WANG, Y., 1996,
Phys. Rev. B, 54, 16533.

[21] LEeg, C., YANG, W., and PARR, R. G., 1988, Phys. Rev. B,
37, 785.

[22] BECKE, A. D., 1993, J. chem. Phys., 98, 5648; STEVENS,
P. J., DEvLIN, F. J., CHABLOWSKI, C. F., and FRrisch,
M. J., 1994, J. phys. Chem., 98, 11623.

[23] Apamo, C., and BaRrRONE, V., 1997, Chem. Phys. Lett.,
274, 242.

[24] BECKE, A. D., 1996, J. chem. Phys., 104, 1040.

[25] Kraka, E., GRAFENSTEIN, J., GAuss, J., REICHEL, F.,
OvLsson, L., KonkoLl, Z., HE, Z., and CREMER, D.,
1999, Cologne 99 (Goéteborg: Goteborg University).

[26] FriscH, M. J., Trucks, G. W., SCHLEGEL, H. B.,
Scuseria, G. E., RoBB, M. A., CHEESEMAN, J. R.,
ZAKRZEWSKI, V. G., MONTGOMERY, Jr, J. A,
STRATMANN, R. E., Burant, J. C., DAPPRICH, S.,
MiLLam, J. M., DANIELS, A. D., Kubpin, K. N., STRAIN,
M. C., FArkAs, O., Tomasl, J., BARONE, V., Cossi, M.,
CammMmi, R., MeEnnuccy, B., PoMmELLI, C., AbAMO, C.,
CLIFFORD, S., OCHTERSK]I, J., PETERSSON, G. A., AYALA,
P. Y., Cui, Q., MorokuMa, K., MaLick, D. K.,
RaBuCk, A. D., RAGHAVACHARI, K., FORESMAN, J. B.,
CiosLowskl, J., OrTIZ, J. V., STEFANOV, B. B., LI1U, G.,
Li1ASHENKO, A., Piskorz, P., KoMarowMmi, 1., GOMPERTS,
R., MarTIN, R. L., Fox, D. J., KeitH, T., AL-LAHAM,
M. A., PENG, C. Y., NANAYAKKARA, A., GONZALEZ, C.,
CHALLACOMBE, M., GIiLL, P. M. W., JoHNsON, B.,
CHEN, W., WonG, M. W., ANDRES, J. L., GONZALEZ,
C., HEAD-GORDON, M., REPLOGLE, E. S., and PoPLE, J.
A., 1998, Gaussian 98, Revision A.5 (Pittsburgh, PA:
Gausian, Inc.).

[27] HOFFMANN, R., IMAMURA, A., and HEHRE, W. J., 1968,
J. Amer. chem. Soc., 90, 1499.



