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A new method of deriving higher order MRorrelation energies is presented. Application of this method

to MP6 leads to the derivation of the total correlation enelfy and its dissection into 36 energy terms

E®).. For 33 electron systems, for which full CI (FCI) correlation energies are kri8WandES). values
together with the corresponding MP5 and MP4 energies are computed and used to analyze the initial
convergence behavior of the MBeries. Two classes of systems can be distinguished, namely systems with
monotonic convergence of the MBeries (class A systems) and systems with initial oscillations in the MP
series (class B systems). AnalysisE@f, EC}, andEC). values reveals that oscillations in the NMBeries

are caused by similar oscillations in the T contributions. For class A systems, the T contributions are of
minor importance and decrease monotonically with order n as do also the SDQ contributions. For class B
systems, one observes a significantly increased importance of the T contributions and alternation in the sign
of the T energy fom = 4, 5, 6. Results indicate that class A systems are electron systems with well-
separated electron pairs. The most important correlation effects are pair correlations while three-electron
correlations and couplings between pair correlations are relatively small. The latter become important when
electrons cluster in certain regions of an atom or molecule. Clustering of electrons always means increased
electron correlation and a more complicated correlation pattern including three-electron and pair-coupling
effects. In this case, MP theory strongly exaggerates correlation effects at evenmndhbish is corrected

by positive correlation contributions, in particular three-electron contributions at odd orders thus leading to
the oscillations observed for class B systems. Once the electron structure of an atom or molecule is understood,
it is possible to identify the system as a class A or class B system and to predict the convergence behavior
of the corresponding MiPseries. [f extrapolation formulas are used that do not distinguish between class A
and class B systems, the mean deviation from FCI correlation energies is 12 mhartrees. If however, different
extrapolation formulas are applied for class A and class B systems, the mean deviation obtained for the same
set of molecules decreases to 0.3 mhartree, which corresponds to an improvement of FCI estimates by a
factor of 36.

1. Introduction possible combinations of S, D, T, Q, P, and H excitations.
Many body perturbation theory (MBPT) based on the Because of the equivalence of contributions ABC and CBA,

Mgller—Plesset (MP) perturbation operatbas led to the most  the number of uniqué&Q terms is 36, which is still a factor
popular correlation corrected ab initio methods in quantum 4 larger than the number of uniq&) (nine out of 14) and a
chemistry?=® This has to do with the relatively low compu- factor 9 larger than the number Ef) terms (four). MP6 is an
tational cost ofnth-order MP (Mm) methods and the size- O(M® method (M, number of basis functions), which means
extensivity property of all MR methods'® Another advantage  that the computational cost for the most expensive of the 36
of MPn theory results from the fact that correlation effects are MP6 terms scale witM°. Therefore, MP6 can only be applied
included stepwise via specific excitations (MP2, double (D) for relatively small molecules using presently available com-
excitations describing pair correlations; MP3, couplings between putational techniques and computational hardware. Neverthe-
D excitations; MP4, apart from D excitations also single (S), less, there are a number of reasons to develop and use MP6
triple (T), and quadruple (Q) excitations describing orbital theory.
relaxations, three-electron correlations, and independent, but (1) MP6 is the last method that can be developed using
simultaneous correlations of two electron pairs; MP5, couplings traditional techniques. MP7 has already a total of 221 terms,
between S, D, T, Q excitations; etc.), which provides a basis 141 of which are uniqu#. Therefore, setting up MP7 or even
for the inVeStigation of individual correlation effects. h|gher MPh methods will require some form of automated
Recently, we have developed sixth-order MP theory (MP6) method development strategy based on computer algebra

starting from general RayleigtSchralinger perturbation theory  |janguages. MP6 is the appropriate method to develop and test
for n= 611714 (For alternative derivations of MP6 correlation  gych strategies.

ene.rtglt.es, see refT §5dand 16|') AttMTG’FfWO in iyptles af (2) MP6 is after MP2 and MP4 the next even-order method
exc!tat!ons arf].'nrf(;’ € ,_bna_mgy peg upteb( t) an it extuple ( .) that should be of interest because of the introduction of new
excitations, which describe independent, but SIMultan€ous pair, ., ation effects described by P and H excitations.

three-electron correlations and pair, pair, pair correlations, 3) Althouah th f 2 MP6 calculation i ional

respectively. Classifying all contributions to the MP6 correla- ( )M9t %UQ the (':I?sr: ora ibili ca;:u ation |s_prop(értlona

tion energy according to the possible excitations involved, one ©© O(M?), there is still the possibility of systematic studies on
small molecules using MP6 theory.

can distinguish 55 energy tern&f’gc where ABC represents . .
(4) Apart from this, one can develop useful approximate MP6
® Abstract published irAdvance ACS Abstract#\pril 1, 1996. methods, which are less costly than the full MP6 approach
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because they include just the more important energy contribu- correlation energy. Accordingly, diagrammatic derivations of
tions ES).. rather than the full set of all 36 terms. the third-, fourth-, and even fifth-order MP energy have been
(5) With MP6 one has three energies (MP2, MP4, MP6) in made, which clearly demonstrated superiority over the algebraic
the class of even order methods and three in the class of oddapproact.21° However, the diagrammatic approach has also
order methods (MP% HF, MP3, MP5). In this way, one gets  its disadvantages. This becomes obvious when considering the

a somewhat more realistic basis to analyze the convergencencrease in linked diagrams contributing to the correlation
behavior of the MR series. energy. If one uses Brandow diagrafrithere are 1, 3, 39, 840,

(6) Calculating the varioug®, ES), E©,. contributions to and 28 300 antisymmetrized diagrams at second-, third-, fourth-,

the MP4, MP5, and MP6 correlation energy, one can determineﬁﬁh'g and sixth-crder, respectively. This means that it ie hardly
those terms that dominate the initial convergence behavior of POSSible to derive the sixth-order correlation energy in terms
the MPh series. It may be possible to relate monotonic or erratic Of linked diagrams. _ _
convergence behavior to the electronic structure of the system Therefore, we used in previous work a third approach for
investigated and to predict the former once the latter is known. developing higher order perturbation theory formulas. This third
(7) Utilizing MP6 correlation energies it will be possible to @Pproach is based on a combination of algebraic and diagram-
test and improve existing extrapolation formulas, by which Matic techniques and comprises the following steps:
reliable estimates of the exact correlation energy can be obtained, (1) Principal term and renormalization terms are derived from
We have developed and programmed MP6 for routine the general perturbation theory formula. _
calculations to investigate points—%. Results of these (2) Since it is clear that_all_ renormalrzat_ron_terms will be
investigations are published elsewh&rg? This work has canceled by parts of the. principal term, clerrvatron of rherMP
revealed that MP6 energies provide reasonable approximations£quations concentrates just on the principal term. This will be
to full Cl (FCI) correlation energies, which for a given basis dissected into various parts according to the excitations |nvo_Ived
set and geometry represent correct correlation energies corre@t the corresponding order of perturbation theory. The various
sponding to the MR value AE® = z%E(m) for n = oo, parts will be written in a cluster operator form.

However, in cases of an erratic convergence behavior of the (3F)> Each rt)art of t'?et.prrncrpal tgrm dcharekcteirrzed by S, D, tT
MPn series, the (absolute) MP6 correlation energy is often IargerQ’ , I, €lC. exciations can be gescribed as representing
than the corresponding FCI valéi& We have found that better connected or disconnected energy diagrams according to the

estimates of the FCI correlation energy are obtained by applying natzreAlcl)f the clutstgr olpera(;[ors appe?rlng in the ener?jyt fc>|rrr1kulg.
second-order Feenberg scaling, which is superior to first-order . ) connecte: (closed) energy terms correspond to lin «©
Feenberg scaling or Pag@proximants? diagram contributions and enter the formula for the correlation

In this work, we investigate the convergence behavior of the while'the_disconr_lected energy terms represent unlinked diagram
MPn series al,ong the lines described in points 5 and 6. For contributions which according to the linked cluster theorem can

. be discarded.
this purpose, we reprogrammed MP5 and MP6 to decompose ) . .
eachpcoﬁrelation engrgig”) for n < 6 into individual contribu-p (5) The final cluster operator form of the linked diagram

tions representing specific correlation effects. In particular, we contributions is transformed into two-electron integral formulas.

separated contributions that depend on T effects from contribu-.Th'S is facilitated by the fact that all those terms that originally

tions that depend on just S, D, Q or P, H excitations because'nVOIVed disconnected cluster operator parts can be simplified
the analysis of T terms provides evidence for the convergenceby using intermediate arr_aﬁ%.

behavior of the MR series. We will show that in the case of The advarrtages of this approach are th"?‘t .(a) superfluogs
strong pair and three-electron correlation effects, the BH#ties energy contributions are never determrneo] wrthrn.the algebraic
will always tend to oscillate initially. Monotonic convergence derivation and (b) a tedious analysis of all linked diagram terms

behavior can be expected for those systems for which the IS _rllﬁt Tecessafy- ilb lear if he k f
electron pairs are well-separated and couplings between electror}h € attsr poilévyl d ecofgedc earl steg 3t "’}IS t Ee Ey slte[;) 0
pairs are small. If for a given electronic systems convergence € procedure IS described In more detail. Each cluster
behavior of the MR series can be predicted, it should be operatorT can be de_scnbed n t’?fms of S”.“p"f'ed _Brandow
possible to derive appropriate extrapolation formulas, which lead dra%ramsg. Corrrbrnatron of thel dllagramslwnh the diagrams
to reliable estimates of FCI correlation energies (see point 7 Olft N dpzrturbatron N dpedretot may e?]q tr? closed c?]nne(r:]ted or
sbowe) The later can be used to derve relanie eneray G720 “ECCIECIe SR0TanS e ears et U o
differences for describing chemical processes. contributions. Itis also possible that the combinatiofi @fd
2. Development of Sixth-Order MP (MP6) Perturbation \Y diagrams leads to disconnected open diagrams. In this case,
Theory t_he diagrams correspond to tr_re wave operator and cover both
linked and unlinked contributions. One has to combine the

There are two different ways of developing MP methods for wave operator part with further parts of the energy formula to
use in quantum chemical calculations. The first way can be get a separation into connected closedlifiked) and discon-
called the algebraic approach since it is based on an algebraimected closed= unlinked) energy diagrams. In any case, it is
derivation of matrix elements from general perturbation theory possible to identify for each part of the principal term whether
formulas. It works well for low-order perturbation thedr§/ it contains just linked or in addition unlinked diagram contribu-
however, becomes problematic for higher orders. In the latter tions. The diagrams one has to use for this purpose are rather
case, one can distinguish between a principal term and one orsimple because they correspond to some basic operators and
several renormalization terms in the general perturbation theory need not to be specified with regard to hole and particle fnes.
formula. According to the linked diagram theor€hnit is According to Rayleigh-Schralinger perturbation theory, the
superfluous to evaluate the renormalization terms since theseMP6 correlation energy is given by
are all canceled by appropriate parts of the principal term.

Because of the linked diagram theorem it is of advantage to Eﬁ, = @O|\7((";0\7)5|q>0@ (1)
derive MR energy formulas by diagrammatic technigues which
immediately identify those terms that really contribute to the (L, linked diagrams only) with the MgllerPlesset perturbation
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operatorV being defined as the difference between exact resulting from ¥T®). and fully contributes t&®, in form of

HamiltonianH and the zeroth-order Hamiltonidty

o= Fo=5 (R, +3) ()
p p
p=q p

The reduced resolvei@ is given by

A © | DD,

%=2 ¢t & (4)
andV by

V=V — [@,V|d,0 (5)
where @, is the HF reference wave function. Using the

definition of the resolvent and Slater rules, eq 1 can explicitly

be written as

SDTQ SDTQPH B _
En=Y 3 @I()VI®,TE )V, (E -
X1,X2 y
Ey)_l\_/yxz(Eo - Exz)_lm)xz|\_/1—(zl)|q)og|_ (6a)
SDTQ SDTQPH
B XZ Z AX Y, X (6b)
1LA2
with
Vi = [, VIO, T 6, |V| D, (60)

Next, first- and second-order cluster operaftf$andT® (i =
1, 2, 3) are defined:

D
T 0,0= Zr L @)
X
=Y bie,0 (=123 (8)

where the first-order D excitation amplitudasand the second-
order amplitude$ are given by egs 9 and 10:
8= (Ey — Eo) ' [@|V| P[] ©)
b, = (E, — E) ‘@ VI ®d,0 (x=s,d,tfori=1,2,3)
(10)
By using the cluster operatoi§” and T? (i = 1, 2, 3), one

can partition the MP6 energy into three differe(X, Y, X3)
terms (compare with Figure 1):

Efh = Ad(VT) L + AJTL + AJL(VTO)),
(i=1,2,3) (11)

The first part,A;, covers all connected cluster operator diagrams

E(MP6),:
ALV, = EMP6),
= Ega%s"" ZEgS%D"' ZE(365)1T+ Eg%s"’
260+ 260+ E + 26 +
E)o -+ 2680+ B+ ED, +
Ebto + 2E5H + ERr + Efgr (12)
The second and the third pam, and As, cover all discon-

nected cluster operator diagram terms resulting frfﬂﬁi)f or
various combinations of'? with V as illustrated in Figure 1.

SD,T.Q D,T,QPH

AJATEYL = Z Z (2= Ox,q~ Ox,s0v7 —
Ox,0 Oy AKXy, Y, Q) (13)
where
AX,Y,Q)=
i [@o|(T?) VIDTE, — E) ™ [, V(TE) |0y
g
(i=1,2,3forX,=S,D,T) (14)
or
AQ.Y, Q=
i [0/ 7,(TE) )V D, HE, — E) ™ [, V,(TF)* o0
(15)

As indicated in Figure 1, the disconnected Q cluster operator

(T2 in AT, couples with the perturbation operatér

This leads to disconnected and connected cluster operator
diagram parts, which in turn lead to the energy contributions

A(Xl, Y, QD)L andA(Xl, Y, QC)L of eqgs 16-19.
AXy Y, Q)L =

i ([@,|(T) VI D, TE, — E) ™ [@,|(V1o(T8) )51 D0,
i=1,2,3forX=S,D, T;Y=T,Q,P) (16)
AXy, Y, Q) =
é [@,|(T?)'VI®,TE, — )~ @, |(V/oTE) )l P00
(i=1,2,3forX,=S,D, T;Y=D,T,Q) (17)
AQY, Q) =
i ([@oI((T5) Y VID, TE, — E) ™ x

@, |(VYT5))pl@eD. (Y =T,Q,P,H) (18)

Y
AQ.Y, Q=Y (@' ((TY)) VD IE, — E)
y

@, |(VYAT5))cl P (Y =D, T,Q) (19)
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The sum ofA(Xy, Y, Qo)L (eq 17),A(Q, Y, Qo). (eq 19),
and A(Q, H, Q). (eq 18 for Y= H) is denotedE(MP6),,
which covers 12 different energy contributions:

S,D,T
E(MP6),, = Z 2A(X1, D, Q) + A(Qc, D, Q) +

A, T, Q)
D,T,Q
+ Z (2= 0y A, T, Q) + AD, Q, Q)
o
+ Z (2 = 0x QANXL Q. Q) + AQ H, Q).
' (20a)
SD,T

=2 Z Efbo + ESho + ESiofll) + ESKo(IN)
D,T

+2 Z Ero(ll) + ESyo(ll) + ESho(lN)

+ 2ER () + ESg (20b)

In passing on, it is useful to note that some terEf,, are
split into two parts | and Il according to eq 21

E® o = EX, o) + EE\o(Il) 21)

where part Il is covered in eqs 17 and 19 while part | is

contained in eqgs 16 and 18. Because of computational reasons,

all terms contained in egs 16 and 18 (excluding the term with

Y = H, see above) are addedlk&[(\_/ﬁz))D]L, which is defined
by (compare with Figure 1)

D,T.Q

A3[(\_/-T—i(2))D]L = Z A(Xy, Q, D) +

1
SD,T.Q

T.Q
Z AX, T,S) + Z AX, P, T) (22)

Combining the terms of eq 22 with the ter@gXy, Y, Qp). of
egs 16 and 18, one obtains simpler formulations in cluster
operator form, namely eqs 225:

D,T.Q
E(MP6),, = Z (A(Xy, Q, D). +A(Xy, Q, Q)
= [@|(T) (VIPTD) | 0o
20| (TP) VTPTD O+
[@o| /(TS VTS TP @ L (23)

= [ES2p *+ ESho] + 2 [EfRp + ERe(]
+ [EShp + EShol] (23b)

Cremer and He
S,D,T
Z (A(Xl! T’ S)_ + A(Xl! T' QD)L) +
A(Q! T! S)_ + A(Q! T! QD)L
; (2 = 6, )@o|(T) VIPT 13 +
i=T2.3

E(MP6),

@, (TN VTPTY 0 [ (24a)

EQs + EQol) + 2[ESls + ESlo()] +
2[ERs + ERG()] + EGrs + EQroll) (24b)

T.Q
E(MP6), = Z (A(Xy, P, T) + A(X;, P, Q)
= [@,|(TY) VIPTO DL +
(@, (TH)HVIT| @y (25a)

= (EQ +EQJ +[EQ +EQg  (25b)
The final MP6 energy expression covers the four energy parts

E(MP6),, E(MP6),, E(MP6);, andE(MP6);:

E®) = E(MP6), + E(MP6),, + E(MP6),, +
E(MP6), + E(MP6), (26)

which correspond to the connected cluster operator part
(E(MP6),), the disconnected Q cluster operator pE(MP6),),

the disconnected T cluster operator pd{MP6);), and the
disconnected P cluster operator part (E(MR6Hence, the final
form of the MP6 correlation energy is given by

EMP6) = ES + 2E8 + 28 + ES) + 2E8)  +

2B+ S+ 2600, + B + 268 + B +

)+ o + 260} + Ef + By + 260, +
2ES o+ 2B + ESho + [ESis + ESI] +

QDQ
[ES) + EgroiNd + Egr(Ns + [EGls + EGra(] +

2[EGts + ESIo()] + 2ESro(IN + [ESp + ESbe()] +

(6) (6) (6) (6) (6)
[EDQQ(II) + EQQQ(II)B] + [EQQD+ EQQQ(I)]+ EQQQ(II)b +

2[ERs + ERG)] + 2ER(N) + 2[ERp + ERq]+

2E7o(I1) + Eglig * [Erpr + Erddl + [EGhr + Eqad (27)

At this point, it is interesting to compare our development of
MP61-123 with parallel work that was published by Kucharski
and Bartlett (KB3® after this work was done. KB approach
MP6 by exploiting a simplified CCSDTQ method corrected
through sixth order with a noniterative inclusion of some
connected Q contributions. They carry out two CC iterations
to obtain the third-order cluster amplitudes for the calculations
of S, D, T, and Q terms at MP6. While our approach starts
from the general energy formula for MP6, which is expressed
in terms of first- and second-order cluster operators, KB use
third-order cluster operators to set up the third-order wave
function. This has two important consequences, namely (a) it
is no longer possible to partition the MP6 energy into individual
contributions Eféc as done in eq 27 and b to guarantee
efficient computing certain unlinked diagram contributions have
to be calculated twice (eqs 21 of ref 16).

In short, the MP6 method by KB is based on CC theory and
represents a two-step approach (step 1, two iterations with a
simplified CCSDTQ method have to be carried out to get third-
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a —
E(MP6)= <®IV(GoV)l®p> = A
| |
AV, A %, A, VTR G=1,2,3)
| T |
s A(X,Y,Q)L (\—/féz))p (\7?{2))1) (Vf'gz))p
(BIFi),10) | | |
@ (vif(747070 ) 10)
S P Ax QD) AX.T,s) AX,P,T)
i) | TR — g ® ®
Q ‘ Y1-D:1.0 - [€QIC)100 | o [(T1Cp103] o [P IC.)010)
® Y2=H Qr.P
s > ‘X=D.T.o ¢ X=5,D,T,Q ‘ X=T.Q
(RIE2) 0y | [ €1 (7Lipom) o) ) .
— a1y A D =/ T —. i\~
Q ® (glw‘;)éz)l 0), (2 P 7®10), (o WFPZYI0),
(a7 LApap),10) $ ¢ ;
E(MP6), | E(MP6),, E(MP6), E(MP6),
| E(MP6)y, |
|
[E(MPé) = E(MP6), +E(MP6)2, + E(MP6)y, + E(MP6)5+ E(MP6), I
b
| | ]
ALV THa Al (AOP ) A VTR (=123
‘ wv—v [ I ]
| YV AIAY V.VY VWVY
Hr /v
v e AX,Y,Q ‘ ‘ i
® { A'A}'/\ HA'V} A<XéQ'D>L A(gtsn Ao;r’,m
N wuw |
ATIA o @) ) 3)
W ERCEROR) {H /\'V} 7T v
® lapy v — wlw | VYV
) T
it ‘ I
c . I T I ) .
| y ! . {M AHAYL LRakalH KAA }
HMHHA }@V_vwa AVA'AANN S A'AAND S QAA'A'AS )
'A"AAY c

| J

—

E(MP6) = EMMP6)1+ E(MP6),, + E(MP6),p, + E(MP6)3 + E(MP6)4

Figure 1. Derivation of the MP6 energy formula described in form of a flow chart. (a) Connected (C) and disconnected (D) cluster operator terms
lead to energy contributiofS(MP6),, E(MP6),, E(MP6),, E(MP6), andE(MP6), corresponding to connected SDT contributions (1), disconnected

S
Q contributions (2at+ 2b), disconnected T contributions (3) and disconnected P contributions (4). Note that abbreviationsisichCasdicate
a sum of terms such d@8...0+ |..0+ .... (b) Matrix elements in form of simplified Brandow diagrams are shown (see text).

order amplitudes; step 2, evaluation of S, D, T, Q contributions presented in the following would not be possible with the KB
from third-order amplitudes; addition of P, H contributions) approach. Furthermore, exploitment of approximated MP6
while our approach represents the first single-step MP6 methodmethods for which individual terms with high cost requirements
developed in the spirit of the work carried out to get MP2, MP3, are dropped as suggested by us in previous Wdekrather
MP4, and MP%° As a consequence, the analysis of MP6 difficult if not impossible.
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SDQ Space for MP5 (7/5) T Space for MP5 (7/4)

SS SD DS DD DQ QD QQ ST TS DT TD TT TQ QT pt pPq hq
MP4 | SDQ Space for MP6 (17/12) T Space for MP6 (33/20) PH Space
for MP6 (5/4)

S SSS SSD SDS SDD SDQ SST STS SDT STD STT STQ

DST DTS DDT DID DTQ DQT

QTS QDT QTD QTT QTQ

D DSS DSD DDS DDD DDQ DQD DQQ

1
[
)
1
t
[}
1
1
1
t
i
1
1
1
'
1
1
1
1
)
)
1
1
1
1

T TS TSD TDS TDD TDQ TQD TQQ TST TIS TDT TTDI TTT | TTQ

I:I M3 Terms M? Terms

Figure 2. Partitioning of the MP6 space. In the top row and in the left column, SDQ space and T space are given for MP5 and MP4, respectively,
while in the central box SDQ, T, and PH space for MP6 are shown separated by dashed lines. In each case, the total E@mberofs and
the number of unique terms is given. Terms with a cost dependen#8 @fihite boxes) oM°® (shaded boxes) are also indicated.

3. Analysis of MPn Correlation Energies first row of the diagram in Figure 2. In this way, more than 53

It is reasonable to group the various contributionE®into (%t of 60) correlation energy co_ntributin@, E<ﬂ>(A____), and
T- and SDQ-dependent terms. Such a grouping of terms wasEa.. for (n = 6) can be obtained with one single MP6

first done for the MP4 correlation energy where one distin- calculation.

guishes between MP4(SDQ), MP4(T), and full MP4(SDTQ) In this work, individual energy contributions to MP correla-
according to eqgs 28 and 29. tion energiesE™ for n < 6 are determined for 33 electronic

systems to analyze the convergence behavior of the $¢Res:

BH,'=", R, 1.R, 2R;
E9T) = EY (29) basis set (9s5p1d/4s1p)[4s2p1d/28ip]

E“(SDQ)=EY + EY + ES (28)

2 .

Similarly, one can split the nine MP5 correlation energy NH,, “B;, Re 1.3R,, 2R.;
contributions into SDQ and T part: basis set (935p1d/4slp)[452p1d/2§ip]

2 .

E®(SDQ)= EQ + 2B + ES) + 2E5L + ES, (30)  NH, “Ap Ry LR, 2Ry
basis set (9s5p1d/4slp)[4s2pld/2éip]

CH,, °A", R, LR, 2R;;
Figure 2 gives the SE@C terms (36 unique terms are given basis set (9s5p1d/4slp)[4s2p1d/2&ip]

in bold print) as a result of the combination of the four energy 5 1 _
contributionsE” of MP4 (given in the first column of Figure ~ CHa "By, CHy, “Ay; basis set (9s5p1d/4s1p)[4s2p1d/28ip]

EO(T) = 2EQ) + 2E5) + ER) + 2ER) (31)

2) with the 14 energy contributiorZs, of MP5 (extended by Ne 'S, basis sets 4s2p1d, 5s3p2d, 6s41d
the three additional combinations pt, pg, hq due to P and H ) ’ . ' '

excitations, see first row of Figure 2) according to Slater rules. F,?P, basis sets 4s3p1d, 4s3p2d, 5s3p2d
Each of the terms shown in Figure 2 is size extensive and, = 1S, basis sets 4s3p1d, 4s3p2d, 55§E)2d

therefore, it is possible to group terms characterized by a certain —r

combination of excitations into subsets as indicated in Figure 2 FH, =", R,, 1.59R,, 2R,

by dashed lines. According to these dissections, we group the :

55 (36) MP6 terms into 17 (12) SDQ terms that involve just S, basis set (935p1d/4slp)[452pld/2§ﬁp]
D, and Q excitations; the T space covers those terms thatH,O, 1Al, R, 1.R, 2R,

describe the coupling between T and S, D, Q excitations (33 .

terms, 22 unique terms); the remaining five terms, namely QPQ, basis set (935p1d/4slp)[452p1d/2§ﬁ.p]

QHQ, TPT, TPQ, and QPT, define the PH pBf(PH)3 HCCH,'=;, R; basis set (9s5p1d/4s1p)[4s2pld/28ip]
The cluster operator equations of MP6 were transformed into

two-electron integral formulas and the 37 energy terms of eq co,'z", R, basis set (9s5p1d)[4s2p1d]

27 were programmed for the purpose of routine calculations of 1 _ 1 _ . 2
total MP6 correlation energies as well as the individual MP6 Oz "A1, Re €03, "Ay, R, basis set (9s5p1d)[4s2p &)

contributionsE{}.. Parallel to this work, MP5 was repro-  The set of reference systems includes charged and uncharged
grammed to determine the nine unicﬁ@ terms shown inthe  atoms (F and F), radicals and biradicals (GHA,"' and CH,



Sixth-Order MP Perturbation Theory

%B,), different states of moleculegR, and'A; state of CH,

2B, and?A; state of NH), two-heavy atom systems (HCCH,
CO), three-heavy atom systems;(@-0O;) as well as AH
molecules both at their equilibrium geometrRs and in
geometries with (symmetrically) stretched AH bonds R&L,5
2R.: “stretched geometries”). Calculation of the latter repre-
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possess monotonic convergence in then\dBries, in class A.
Those systems, which possess erratic convergence with initial
oscillations, we have grouped in class B.

The 29 FCI systems investigated in this work can be grouped
into 14 class A systems and 15 class B systems.

sents a critical test on the performance of a correlation method . It . 2 .
: . - Class A:BH, 2", R, 1.5R,, 2R, NH,, ‘B, R, 1.5R,, 2R,
because wave functions of molecules with stretched geometries Re Re 2 By Re Re

possess considerable multireference character. For 29 of these

electronic systems, FCI correlation energies are kg3t
while for the remaining four systems (HCCH, CO;3,@-03),

we have used CCSDT correlation energies obtained in this work

as approximations to the unknown FCI values. In previous
work, in which we analyzed infinite order contributions to
CCSDT with the help of perturbation theo¥ywe showed that
among all correlation corrected methods that scale @{f®)

NH,, °A,, R, 1.5R,, 2R;; CH,, °A"), R, 1.RR,, 2R;;
CH,, B,, CH,, ‘A,

Class B: Ne!S, basis sets 4s2p1d, 5s3p2d, 6s4p1d;
F,?P, basis sets 4s3p1d, 4s3p2d, 5s3p2d;
F,'S, basis sets 4s3p1d, 4s3p2d, 5s3p2d,

FH,'=", R, 1.RR, 2R, H,0,'A,, R, 1.RR,, 2R,

or better, CCSDT comes closest to FCI. For example, CCSDT
covers 91% of all MP6 (QTD, DQT, QQT, QTT, TQT are ) ) ) ) )
missing), 87% of all MP7, and 85% of all MP8 terms, some of _ IN Figure 4, MM energiese are given in % with regard to
which are covered only partially (at MP6: DQQ, QQD, QQQ, the correspondlng_ FCI values. For class A systems, the
QTQ, TQQ, QPQ, QHQ, TPQ, QPT). In view of this, CCSDT  correlation energy increases monotonicly from 73 (MP2) to 87
energies should provide a reasonable estimate of FCI values(MP3), 91 (MP4), 93 (MP5), and finally 95% (MP6) obviously
although their accuracy (mean deviation from FCl values: 0.53 @Pproaching the FCI limit rather slowly but asymptotically. For
mhartree for 20 CCSDT calculaticis is lower than that ~ class B systems, the spectrum of MPn energies based on the
achieved in this work. pool of examples investigated in this work is totally different:
Rather than listing and discussing the large set of correlation The MP2 energy already covers 95% of the FCI correlation
energies obtained in this work (more than 1700 energy values, Ne€rgy, which could mean that pair correlation is much more
E®™ values are published in refs 13 and 14), we concentrate onimportant for class B systems than class A systems or that MP2
describing trends and relationships between individual values. €xggerates pair correlation by a considerable amount. Most
For this purpose, the various contributions to the correlation likely bo_th factors are responsible for the large MP2 correlatlt_)n
energy of a given system are scaled by an appropriate energyenergy in the case of class B systems. At MP3 the correlation
guantity to make them comparable and to take averages overenergy is 0.1% smaller (for class A, 14% larger) than the MP2
classes of systems. As scale factors FCI correlation correlation energy which suggests that the MP3 contribution

energie®2429-31 or the quantities EN defined by eq 32 are used. COVers beside stabilizing (negative) also large destabilizing
(positive) pair correlation contributions thus correcting partially

EN={[E(”)(SDQ)]2+ [E(“)(T)]Z—l— .__}—1/2 (32a) the exaggeration of pair correlation effects at MP2. MP4
correlation effects lead to another 5% increase of the total
EN:{[EX‘)]ZJr [Egn>]2+ ___}71/2 (32b) correlation energy, which is larger than the corresponding

increase calculated for class A systems (4%, Figure 4). Again,
Averages over scaled energy contributions within a given class ©n€ can speculate that S,. T, and Q correlation corrections newly
are denoted by(™(A..), etc. and presented in form of bar added at MP4 are more important for class B systems than for
diagrams, which we call “spectra” of the MP correlation energy. class A systems. Alternatively, these effects (as well as pair
In this way, we have derive@™(SDQ), E®(T), and E correlation effects) may be overestimated at MP4. The latter
spectra for MP4. MP5. and MP6 using’ the more thaﬁ"i?OO effect seems to be corrected by a relatively large positive MP5

energy values generated in this work. We will analyze in the correlation contribution decreasing the corr(_alation energy by
following the convergence behavior of the MReries by almost 2% at the MP5 level. MP6 correlation contributions

comparing FCI with MP6 correlation energies, SDQ, T-partition- increase the absolute value of the correlation energy to 100.6%

ing of the total correlation space, and discussing\pectra  thus slightly overshooting the FCI correlation energy. This
for different classes of electron systems. suggests that at MP6 certain correlation effects are still

exaggerated which is confirmed by the fact that for class B MP6
correlation energies are on the average 6% larger than for class
A (4.7% at MP5, Figure 4).

We conclude that for class A systems the mMBeries
possesses normal convergence behavior. Each higher level of
MPn theory represents a better approximation to the correct
correlation energy with the MP6 energy presenting the best
approximation at the moment feasible when using standand MP

4. Convergence Behavior of the MR Series

It is well-known that the MR series can show different
convergence behavior at lower ordétd#3336 This is shown
in Figure 3 for some typical examples. One can distinguish
between two different situations: (a) The Kenergies decrease
monotonically approaching the FCI energy from above (Figure procedures. For class B systems, the nvigeries initially
3a,b). (b) There are initial oscillations in the MEorrelation oscillates which leads to an exaggeration of calculated correla-
energy which can lead to an exaggeration of electron correlationtion energies at even orders. It is much more difficult to predict
effects at sixth-order or even at fourth-order MP theory (Figure the FCI correlation energy for class B than for class A systems.
3c,d). However, in each case investigated so far, tha 8fes However, it could be that if the initial oscillations in class B
converges to the FCI value as has been demonstrated by Handyre dampened out the MReries converges faster than for class
and co-worker® who investigated convergence behavior upto A systems. In any case, reasonable predictions of FCI correla-
n = 48 by generating MR energies during the iterations of a tion energies should be based for both classes on MP6
FCI calculation. We have grouped electron systems, which energies?
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Figure 3. Graphical representation of the MRorrelation energyAE®™ (in hartree) of (a) BH=" at the equilibrium geometriR. and the two
stretched geometries R5and 2.(R,; (b) CH,, 3B1, and CH, 'A;; (c) F, 1S obtained with three different basis sets of increasing size; (d}¥H,

at the equilibrium geometrig and the two stretched geometriesR. and 2.0, as a function of the orderof perturbation theory applied. In each
case, MR values are compared with the full Cl (FCI) energy obtained with the same basis set at the same geometry (compare witBdefs 20

bars) for two typical class A systems (BRe, 1.5R¢, 2Re, CHp,

3By, A1) and two typical class B systems(For three different
basis sets; FHR., 1.5R,, 2R.), respectively. The corresponding
SDQ,T diagrams obtained by appropriate scaling according to
eq 32 and averaging over all members of a given class are shown
in Figure 6.

Inspection of the diagrams in Figures 5 and 6 reveals a
number of interesting trends: For class A systeE%(SDQ)
andEM(T) correlation energies\(= 4—6) are always negative.
Their absolute magnitude decreases exponentially with increas-
ing ordern thus guaranteeing a monotonic decrease of correla-
tion energie€™ and, by this, normal convergence of the MP
series. The absolute value Bf)(SDQ) is always significantly
larger than the correspondiid’(T) value where the ratiE®M-
(SDQ):|EM™(T)| becomes even larger for stretched geometries,
i.e. with increasing multireference character of the system in
qguestion. Figure 6 reveals that for class A systems the ratio
between EM(SDQ) and EM(T) correlation contributions is

A reason for the different convergence behavior of class A approximately 3 to 1 (MP4, 2.5; MP5, 3.5; MP6, 3.0) at all
and class B systems can be found when analyzing the differentorders investigated. Since the number of T contributions to the
contributions to the MR correlation energy. Therefore, we total correlation energy increases witiMP4, 25%; MP5, 50%;
evaluated correlation energy contributidé®(SDQ) andeM- MP6, 60%) while their coupling pattern to other correlation
(T) at MP4, MP5, and MP6 for the pool of the 29 test systems effects becomes more and more complicated, individual three-
with available FCI energies. In Figure 5, calculated energies electron correlation effects seem to become less important. It
are shown in form of bar diagrams (SDQ, black bars; T, hatched seems that the large number of T correlation effects keeps the

0Tl m ClassA

A ClassB

EMPn)/E(FCI) [%]

70 -

MP3 MP6
Figure 4. Fractions of total correlation energiad&E(FCI) covered by

a given M correlation energyAE®™ given in % and averaged over
all examples investigated within a class.
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Figure 5. Energy contributions from SDQ and T space for (a) BEf, at the equilibrium geometriz. and the two stretched geometriesR. and
2.0R; (b) CH,, ®By, and CH, *Ay; (c) F~, 1S obtained with three different basis sets of increasing size; (dj¥Hat the equilibrium geometriRe
and the two stretched geometriesR.and 2.@R. as a function of the order of perturbation theory applied. Solid bar&"(SDQ). Hatched bars:
EM(T). Lines: EM(SDQ) + EM(T).

ratio betweerEM(SDQ) andEM(T) correlation contributions does not change. The SDQ,T diagrams possess the same pattern
at about the same value. This ratio and the exponential decreasas observed for the equilibrium geometries. However, there is
of the SDQ part of the correlation energy with ordeguarantee  a significant increase in the importance of pair correlation effects
the monotonic convergence of the MBeries for class A with increasing multireference character. For class A, this leads
systems. ) ) to increasing dominance of the SDQ part over the T part and
Class B systems differ considerably from class A systems ¢y cjass B systems it reduces somewhat the dominance of the
with regard to both sign and magnitude of the T contributions part. For example, for class B the SDQ part at MP4 becomes
to the correlation energh®. Qoqtrary to class A systems, the larger in magnitude than the T part with increasing multiref-
absolute vglue of the T contribution atME’4 (not always),. MP.5’ erence character. This is in line with the observation that
and MPG6 is larger than the corresponding SDQ contribution multireference systems are well described by MRD-CI calcula-

and, in addition, the T part is positive at fifth-order. Some of . - -
the EGSDQ) energies can also be positive (see, e.gFgure tions. We conclude that initial oscillations observed for class
5b), however on the average the SDQ contributions are negativeB systems are not caused by multireference character of the

and decrease in magnitude with increasing order (see FigureSyStem in question. Multireference character may lead to an
6). As a consequence, the ratio betw& W T) andEM(SDQ) enhancement of these oscillations provided these oscillations
correlation contributions increases from 1.2 (MP4) to 2.4 (MP5) are already triggered by peculiarities in the electronic structure
and 3.7 (MP6), which is much stronger than the increase in the of the system in question.

number och_orreIatlon_terms (_1:2:2.4). Hence, oscillations N The data presented in Figures B suggest that the conver-
the T correlation energies dominate the convergence behavior

of the MPh series and lead to the initial oscillations of the mp ~ 95"¢€ behavior of_the_ MPseries depends on magnitude and
correlation energies typical of class B systems. sign of the T contributions.

One could speculate that the initial oscillations found for class (1) A relatively large ratio |[E™W(SDQ):|E™(T)|, i.e. a
B systems have to do with multireference effects that cannot relatively small importance of T contributions typical of class
be covered by the lower MPmethods. To test this we A systems seems to guarantee monotonic convergence of the
investigated various stretched geometries of simple, Atdl- MPn series provided higher terms resulting from P, H, etc.,

ecules such as BH, NHFH, or 1O, where the first two  excitations are also small and do not play a significant role.
examples belong to class A and the last two class B. Results

of the analysis of their correlation energy contributions are  (2) A relatively small ratio [E®(SDQ):[E™(T)], i.e. a
summarized in Figure 7. They reveal that despite of increasing relatively large importance of T contributions, combined with
multireference character when going from the equilibrium to a an alternation of the sign d&™(T) with n typical of class B
stretched geometry, convergence behavior of then Méries systems, seems to lead to initial oscillation in the iiferies.
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Figure 6. Energy contributiong™(SDQ) ande™(T) for (a) class A
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correlation energyE®™, we discuss in the followingEf, are concerned. The MP5 correlation energy for a class A system
spectra fom = 4, 5, and 6, which are shown in Figures 8 and s clearly dominanted by DD (paimpair) correlation effects.
9. The second largest term is the (positive) DQ term, which

MP4 Spectrum. Both for class A and class B systems, S, obviously corrects for an overestimation of pair correlation
D, and T correlation corrections are always negative (stabilizing) effects. All other terms are relatively small with a slight
while Q correlation effects are always positive (destabilizing). dominance of the negative terms. Considering both negative
The two classes differ with regard to the importance of pair and positive MP5 terms, the former dominate for class A and
correlation versus three-electron correlation effects. For class!ead to a negative MP5 correlation contribution.

A, the former are significantly more important than either T, ~_For class B systems, five of the nine MPS5 terms are positive
Q, or S correlation effects while for class B systems pair (TQ: ST, DT, SD, DQ) and, by this, lead to a positive MPS
correlations are of reduced importance. In the latter case, three-COMTelation energy. None of the terms (absolutely seen) is as
electron correlation effects as well as orbital relaxation effects 12r9€ s the DD term in class A. The largest term is the TQ
are significantly larger than for class A systems. Actually, T term, but ST, DD, SD’ QQ, and DQ contributions also POSSess
effects represent the largest contribution to the MP4 correlation co.r13|derable.magn|tude. Hence,_both three—_elec?ron correlation,
energy. Absolutely seen they are even larger than the sum ofPaIr qorrela’uon as well as o.rbltal relaxgtlon influence the
S, D, and Q contributions, which is a result of the fact that the magnitude Of.the MPS correlation energy in the case of a class
Q part at MP4 is always positive and in this way cancels a part B system W.Ir.l;je TIP r class A _only par cor_relaftlons seem toTbe
of the negative D contribution. Obviously, the Q correlation Important. e T part gets its positive sign from positive TQ

f f . f pai lati ff and ST contributions while the negative SDQ part is dominated
g{p?g;? gf,:/rli)czt or an exaggeration of pair correlation eflects ,, ho4ative DD and QQ contributions significantly reduced by

a positive DQ contribution. There are three terms, which change
MP5 Spectrum. For all systems investigated, the DD, SS, sign when going from a class A to a class B example, namely
and TT terms are negative while ST, TQ, and DQ are positive. DT (— to +), SD (- to +), and QQ term to —). It seems
The three remaining MP5 terms (DT, ST, QQ) have different that at the MP5 level the correlation energy of class B systems
signs for class A and B. There are some significant differences is predominantly corrected with regard to an exaggeration of
between class A and B systems as far as individual contributionscorrelation effects that occurred at a lower MPn level.
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Figure 8. (a) MP4 spectrum, (b) MP5 spectrum for classes A and B, (c) MP5 spectrum for class A, and (d) MP5 spectrum for class B. For c and
d, the MP5 spectrum has been separated into SDQ and T contributions and energgéfgeamsordered according to their magnitude.

MP6 Spectrum. The spectra of the MP6 correlation energy is relatively small. For class B systems, the inclusion of the T
contributions shown in Figure 9 for class A (Figure 9a) and part seems to be advisable in view of its magnitude. One could
class B systems (Figure 9b) possesses a similar pattern as thosgpeculate that it keeps its relative magnitude for all samples of
obtained for the MP5 correlation energy contributions (Figure class B and cancellation of errors leads to reasonable MP4-
8b,c,d). For example, in class A the pair correlation term DDD (SDQ) energy differences. However, the spectrum given in
clearly dominates the MP6 correlation energy, only reduced by Figure 8 is just an average over a limited number of examples
the positive DDQ and (DQE- DQQ+ QQQ) terms. Allother  which does not exclude that the rati&“(T)|:|E®(SDQ)
terms are relatively small, which holds in particular for the T changes considerably within class B (see, e.g., Figure 5b).
and the PH terms. Since about half of the 15 T terms that were  The inclusion of the T part at MP4 will definitely be important
explicitly evaluated in this work are positive, the T contribution if one wants to compare the energies of class A and class B
to MP6 becomes small being about one-third of the SDQ systems. As is obvious from Figure 8a, the MP4(SDQ)
contribution similarly as found in the case of MP4 and MP5. approximation underestimates the stability of class B systems

For class B systems, the DDD term still represents the largestrelative to that of class A systems due to the neglect of T
(negative) contribution to the MP6 correlation energy. However, contributions. In summary, one can expect that the reliability
there are two T terms (SDT and TDT) of similar magnitude. of MP4(SDQ) energy differences is more or less limited to cases
Six out of 10 SDQ terms are negative while 13 out of 15 T in which class A systems are compared.
terms are negative. Just SST and TDQ represent positive For MP5, Kucharski, Noga, and Bartttsuggested an
contributions. This is the reason why the T part for class B approximate method that by neglecting the TT term requires
systems is negative and about 4 times as large as the SDQ parianO(M?) rather than a®©(M®) computational cost dependence.
The PH part represents a relatively small positive correction as From Figure 8b-d, it can be seen that this should be an useful
is also found in the case of class A. approximation for both class A and class B systems since the

Approximate MP n Methods. Before we discuss the ques- TT term represents in both cases a relatively small fraction of
tion how convergence behavior depends on electronic structure,the MP5 correlation energy. On the other hand, the usefulness
it is useful to consider some of the approximate MRethods of a MP5(SDQ) approximation covering the DD, SD, DQ, and
presently in use. For example, MP4(SDQ) used at fourth order QQ terms is limited in the same way as the corresponding MP4
to reduce calculational cost fro@(M?) to O(M®) is certainly a approximation to class A systems.
useful method when calculating relative energies of class A Recently, we have suggested two approximated MP6 methods
systems since in this case the importance of the T contributions[MP6(M8) and MP6(M7)], the computational cost of which
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@ 03 One could also consider MP6(SDQ) or MP6(SDTQ) as
Class A interesting approximations to MP6; however, these methods do
not lead to any cost reduction since they posse<3(df) cost

0 dependence as has been pointed out previdgsly.

03 6. Convergence Behavior and Electronic Structure

av

£2(ABC)

If we consider all results and observations summarized in
Figures 3-10 as well as the electronic structures and bonding
patterns of class A and class B systems, then we come to the
conclusion that systems of the two classes basically differ with
regard to their electron distribution. Class A covers those
molecules, the bond and lone electron pairs of which are well
separated and distributed over the whole space of the molecule.
For example, in BHIZT, core electron pair, bonding electron
pair, and lone pair are localized in different parts of the
molecule. The same is true in the case of NBH;, or CH;
as indicated in Figure 11. Because the electron pairs of class
A systems are well-separated, the importance of three-electron
correlations and couplings between the correlation modes of
the various electron pairs is moderate and the molecular
correlation energy is dominated by pair correlation effects.

For class B systems, a clustering of electron pairs in certain
regions of an atom or molecule is observed (Figure 11). For
example, for F, F and Ne three or even four electron pairs
"""""""""" T share the available space in the valence sphere, which is rather
) limited due to the orbital contracting and charge attracting force
of the nucleus. For kD and FH, there are two or even three
electron pairs that cluster in the lone pair region. Simiarly,
molecules with multiple bonds should belong to class B since
more than one electron pair can be found in the bonding region.
47 We tested this for CO, HCCH, ands@nd found our prediction
to be confirmed in all three cases.
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2 If electrons cluster in regions of atomic or molecular space,
S; three-electron correlations become important since they provide
"o a simple mechanism to protect the region of an electron pair

B Class A against occupation by other electrons. Accordingly, T correla-
06 tion effects can become as large or even larger than pair
’ Class B

correlation effects. In view of the basically different electron
structures of class A and class B systems, one can predict that
O A A o A A S A coupling effects are much more important for the latter than
the former systems. Couplings will lead at the MP3 and the
MP5 level to significant corrections. We have found that all
SDQ couplings taken together at the MP5 level can actually
Figure 9. MP6 spectrum for (a) class A, (b) class B, and (c) classes lead to positive contributions for class B systems. Since positive
Aand B. Foraand b, the MP6 spectrum has been separated into SDQcontributions in the T part comprising ST, DT, TT, and TQ

T, and PH contributions and energy teraf. are ordered according  terms make this always positive, positive MP5 correlation
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to their magnitude. contributions and accordingly oscillatory convergence behavior
. for class B systems result.
scale withO(M®) and O(M").2> MP6(M8) and MP6(M7) are In view of the fact that MP6 covers both connected and

obtained by dropping alM® terms in the first case and, disconnected T contributions, one could ask whether three-
additionally, allM8 terms in the second case (compare with electron correlation effects (connected T contributions associated
Figure 2). The corresponding terms are indicated in Figure with T3) or orbital relaxation plus pair correlation effects
10a,b by hatchedM?® terms) or white barsM? terms). In (disconnected T contributions associated Viiitfi;) are more
Figure10c,d, sums of all® andM8 contributions are compared  important for class B molecules. Such a question can easily
with the total MP6 correlation energy and its SDQ, T and PH be answered by inspection of the MP6 spectra shown in Figure
parts. Inspection of Figure 10a,b suggests that only for class9. On the average, disconnected T contributions represented
A systems MP6(M8) and MP6(M7) are reasonable approxima- by the energy terms DTS DTQ, STS+ STQ+ QTQ, TTS
tions because in this case MP andM® contributions are rather ~ + TTQ in Figure 9 cover about 17% of the total T energy in
small. For class B systems, the TQT term is rather large and, case of class B systems while the corresponding value for class
therefore, should not be neglected in the T part of MP6. A systems is 13%. Obviously, orbital relaxation plus pair
However, Figure 10c,d reveal that for both class A and class B correlation effects are of limited but similar importance for both
systemsM® and M8 terms represent a relative small fraction class A and class B systems. The dominant role of T correlation
(~12%) of the total MP6 correlation energy since positive and contributions in the case of class B systems clearly results from
negative terms (see Figure 10) cancel largely. Hence, MP6- three-electron correlation effects (more than 80% of the T
(M8) and MP6(M7) present reasonable and economically contributions are connected T contributions) in the way de-
attractive alternatives to the costly MP6 method. scribed above.
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Figure 10. MP6 spectrum for (a) class A and (b) class B indicating all terms ®ifM®°) and O(M8) dependence. In c and d the sumsQgve)
and O(M®) terms are compared with SDQ, T, PH and total MP6 correlation energies.

It is interesting to note that the connected Q contribution to consider class B system as the normal case which reveals
associated witfi, and represented by the term TQT plays almost the typical deficiencies of the MP perturbation theory descrip-

no role for class A systems (Figure 9a) in line with the general tion.

understanding that four-electron correlation effects are normally

MPn theory is characterized by an inclusion of new
correlation effects at even orders and a coupling between these

rather small. For class B systems, the energy contribution TQT effects at odd orders thus reducing part of the correlation effects

is on the average the third most important T contribution
comparable in magnitude with the DDQ or D@P DQQ +
QQQ contributions (Figure 9b). However, while the latter terms
are positive, TQT is negative indicating that a new correlation
effect is added to the MP6 energy. Obviously, four-electron
correlation effects become important for systems with a cluster-

obtained at the previous order. In the case of strong electron
correlation, this must lead to oscillations in the correlation
energy. With increasing number of electrons, there will be more
systems with clustering of electron pairs in certain regions of
atomic or molecular space and a strongly correlated movement
of the electrons. This means that there will also be more

ing of electrons in a confined space such as class B systemssystems with initial oscillations in the MPseries. Accordingly,
Four-electron and three-electron correlation make it possible class A systems should be considered as the exceptions, for
that, e.g., the electrons of multiple bonds can predominantly be which as a result of a fortuitous cancellation or dampening of

located in the bond region despite unfavorable Coulombic
interactions.
By inspection of the pair structure of an atom or molecule it

is easy to predict whether the system in question belongs to/

the typical MR oscillations a monotonic convergence is
obtained.

Improvement of the Convergence Behavior of the

class A or class B and whether it possesses monotonic or erratidPn Series
convergence behavior. Of course, there are border cases |nrecent work, we investigated various approaches to improve

between the two classes for which predictions may be difficult.
An example is HO in its equilibrium geometry, for whick®
seems not to oscillate although convergence is not monotbnic.
However, investigation of its SDQ,T spectrum or the MP
values for stretched geometries of®iclearly indicates strong
initial oscillations typical of a class B system.

the convergence behavior of the kBeriesl* We found that

with the help of MP6 correlation energies useful estimates of
FCI correlation energies are obtained by applying either
Feenberg scaling or Padgproximantd* We could demon-
strate that second-order Feenberg scaling (FE2) leads to the best
estimates that differ from FCI correlation energies on the average

Comparing class A and class B systems and the convergencéby just 0.15 mhartree for atoms and molecules in their

behavior of the MR series for these systems, it is appropriate

equilibrium geometry. First-order Feenberg scaling (FE1) or
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Figure 11. Electronic structures of class A and class B systems.
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FE2 Extrapll Pade
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Figure 12. Comparison of the mean absolute deviation of estimated
from true FCI correlation energies when approximating FCI values by
first-order Feenberg scaling (FE1), second-order Feenberg scaling (FE2
[2,2] Padeapproximants, MP6 correlation energies or MP6 based
extrapolation formulas. Extrapl: One extrapolation formula (eq 34)
is used that does not distinguish between class A and class B system
Extrapll: Two extrapolation formulas (eqs 35 and 36) are used that
reflect the different convergence behavior of class A and class B

systems. Atoms and molecules in their equilibrium geometry are used.

[2,2] Padeapproximants are also useful but lead to deviations
of 1.09 and 0.54 mhartree (see Figure 12).

Although the calculational work to get FE or Pagiimates
of the FCI correlation energy is negligible, it is even simpler to

apply extrapolation formulas. At a time when routine calcula-
tions of M correlation energies were only possible foi

4, Pople, Frisch, Luke, and Binkley (PFLB)derived an
extrapolation formula for estimating the exact correlation energy
AE:38

2
&

1 (B

3
&)

AE(PFLB,MP4)= (33)

Equation 33 is correct up to fourth order and is based on the
assumption that even- and odd-order terms of then diéties
form a geometrically progressive energy series where the ratio
of successive even-order terms is similar to the ratio of
)successwe odd-order terms.
Extension of the PFLB extrapolation equation to sixth-order
MP perturbation theory leads to
S.

(4)

5
MP E

MP

(EOYE®), 3

AE(extrapl,MP6)= E&, + E&), + 4)

where formula 34 is correct up to sixth order and also based on
the assumption of monotonic convergence of then\dBries,
which of course is not fulfilled for case B systems. This is
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reflected by an unreasonably large mean absolute deviation ofpredictions based on just one extrapolation formula (eq 34) for
12.21 mhartrees from exact FCI correlation energies, which is both class A and class B systems. FCI values derived from
seven times larger than that obtained for MP6 correlation eqs 35 and 36 are comparable with those obtained by second-
energies (see Figure 12). Analysis of the failure of eq 34 reveals order Feenberg scaling (see Figure 12) and, therefore, guarantee
that this is due to the problem of covering with one formula energy differences of FCI quality.
the basically different convergence behavior of class A and class
B systems. 8. Conclusions

As we have shown above it is possible to clarify whether a
given electronic system belongs to class A or class B. Accord-

ingly, it is also possible to apply for the two classes two different analysis of MP4, MP5, and MP6 correlation energies of 33

extrapolation formulas which reflect the different convergence examoles for which FCl or at least CCSDT correlation eneraies
properties of the two classes. For class A, we suggest eq 35: P . . g1
are available. We have appropriately scaled correlation energies

This work explains for the first time the convergence behavior
of the MPh series. This explanation is based on a detailed

4 ESL and correlation energy contributions to better compare them for
AE(A)(extrapII,MP6)= Ef\% + different electronic systems and to derive averaged values which
nZz 1— (ES)P/ES%, facilitate the discussion of individual correlation energies. In

this way, we have obtained “MPspectra”, which provide a
detailed insight into the decomposition of MRorrelation
= E&DP + ES)P(ESI)D/ES)P)Z + ... (35) energiesinto S, D, T, Q, P, and H contributions ot 6. The
= analysis of M correlation energies and correlation energy
where the original PFLB formula is retained in view of the spectra leads to the following conclusions.
monotonic convergence found for class A systems; however, (1) For a group of atoms and molecules (class A), theatMP
the ratio of subsequent correlation contributions is given by the series converges monotonically while for another group (class
best MP values available at the moment, namﬁ&?,l and B) convergence is erratic with typical initial oscillations.
Ef\%. (2) Oscillations are caused by strong changes in the magnitude
As was discussed above, for class B syst&(aP6) values of calculated T contributions when increasingrom 4 to 5
are mostly more negative than FCI energies, which indicates @1d 6. For class A systems, the T part is not important. The
that higher order correlation effects are exaggerated. Therefore Correlation energyE® is dominated by the SDQ part, which
their contributions t&E®™ have to be scaled down, which is done ~decreases monotonically with increasmgFor class B systems,

6

in eq 36 in three different ways: the T part dominates the correlation energy. It oscillates
between negative and positive values with increasing ander
AE®(extrapll,MP6)= E(,j%, + E(,j%, + (Eﬁjl‘%, + thus causing similar oscillations of the total correlation energy.
(5) (6) =(4) (3) The analysis reveals that monotonic convergence is
Elip) eXpEvp/Eyip) (36) parallel to a dominance of pair correlation effects (D at MP4,
6 DD at MP5, DDD at MP6) and a relatively slow convergence
— ESR: + ER‘Z’.’:(ESHE&‘L) + rate (at MP6 only 96% of the FC_I correlati(_)n energy is covered).
& For class B systems, both pair correlation effects and three-
4 5 6) ;=(4)\2 electron correlation effects are of large importance to describe
12! (EFV”)’jL Eﬁ’”)’)(EfV'g’/Efv”)’) + electron correlation in those regions where electrons cluster.
13! B9 + ESHESYEGL)® + ... This leads to a significant exaggeration of correlation effects

in particular at even orders, which can only be compensated by
positive correlation energy corrections at odd orders. Both facts
taken together cause the initial oscillations in theriferies

of class B systems.

Both 1/(1 — x) (eq 35) and expx (eq 36) lead to similar
series, however, in the exponential series higher powefsx
are scaled down by prefactorskiLlthus effectively reducing

higher correction germs. Secoendlyé all correction terms in €q (4 cjass A systems are characterized by electronic structures
35 are negatlveﬂﬁ,,%,f 0 andEﬁ_A%/EﬁA%» > 0) while this is no with well-separated electron pairs while class B systems are
longer true for the first correction term of eq 36. Since both characterized by electronic structures with electron clustering
EGe and EGQWESL > 0, the first correction is positive thus  in one or more regions. As indicated in Figure 11, one can
leading to a substantial reduction in the magnitude of the expect that Li and Be compounds, boranes and carboranes,
correlation energy. All other correction terms are negative carbenes, classical carbocations, alkyl radicals, linear alkanes,
because ;. + EC)) < 0; however, corrections are smaller etc. are typical class A systems, which show monotonic
than in the case of A becaudBVEGL < EGVERD. In convergence in the MPseries. Typical examples of class B
summary, correction terms are significantly reduced for class systems with initial oscillations in the MPseries should be

B energies because MP6 overshoots the FCI value for theseatoms with almost or totally filled valence shells such as, e.g.,
systems. F, F~, Ne, etc., molecules with multiple bonds such as CO,

Application of egs 35 and 36 leads to infinite-order correlation HCCH, etc.; conjugated systems (annulenes, polyenes, etc.);
energies superior to energies predicted by either the PFLB egnonclassical carbocations; and hypervalent compounds.

33 or the MP6 extrapolation eq 34. This is reflected by amean We predict that class B systems represent the majority while
absolute deviation of 0.34 mhartree for atoms and molecules atclass A systems represent a minority, i.e. there exist more
their equilibrium geometries. systems which possess initial oscillations in ther\ieries.

We conclude that by the use of MP6 correlation energies and (5) By recognizing that convergence behavior in therMP
an improvement of the original PFLB extrapolation formula series is a direct consequence of the electronic structure of class
based on a clear distinction of class A and class B systems,A and class B systems, it is possible to predict the convergence
errors in predicted infinite order correlation energies can be behavior of a given system and to apply an appropriate
reduced by a factor of 5 with regard to predictions based on extrapolation formula for estimating FCI correlation energies.
MP6 energies alone and by a factor of about 36 with regard to In this work, we suggest two new extrapolation formulas for
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class A and class B systems, which lead to significant better (8)I KUC?arski, S.; Bartlett, R. Adv. Quantum Cheml986 18, 281.
redictions of FCI correlation energies than any previous See also ref 29.

P t lati f la (Fi 12 9 yp (9) Raghavachari, K.; Pople, J. A.; Replogle, E. S.; Head-Gordon, M.

extrapolation formula (Figure _ ). J. Phys Chem 199 94, 5579.

(6) The analysis of the various MPspectra reveals the (10) Barlett, R. JJ. Phys Chem 1989 93, 1697.
applicability of MPh approximations presently in use. For (11) He, Zhi; Cremer, DInt. J. Quantum Chemin press.
example, the error in relative energies obtained with MP4(SDQ)  (12) He, ZE!} Cremer, DInt. J. Quantum Cﬂem in press.
should be considerable if class A systems are compared with (ﬁ) :e' %h!f Cremer, g:m' j Quantum ghem N press.

NP6r all M2 (14) He, zhi; Cr_emgr, nt. J. Quant_um emin press.
class B systems. Neglect of Fhe TT term at a (15) For the derivation of MP6 energies from FCI calculations, see: (a)
and M® terms at MP& to obtainM’ methods should lead to  Handy, N. C.; Knowles, P. J.; Somasundram,Tiieor Chim Acta 1985
reasonable approximations to full MP5 and full MP6, respec- 68, 68. (b) Handy, N. C. IrRelatiistic and Electron Correlation Effects
tivel in Molecules and SoliddMali, G. L., Ed.; Nato ASI Series Physics 318;
Y- . _ Plenum, New York, 1994; p 133.

The discussion presented above makes it rather clear that the ' (16) For the derivation of MP6 energies from CCSDTQ calculations,
convergence of the MPseries is a direct consequence of the see: Kucharski, S. A.; Bartlett, R. Chem Phys Lett 1995 237, 264.
perturbation theory formalism, which may be compared witha  (17) He, Zhi; Cremer, Dint. J. Quantum ChemSymp 1991, 25, 43.
bad driving style: The “perturbation engine” is accelerated at Sp&ilnsg)ers\e/%rli'gg'”Iég}(ljigrelrgfilé Morrison, J. Atomic Many-Body Theory
even orders n by “fueling” it with new correlation effe.Cts (Dat (19) Wilson, S.Electron Correlation in MoleculesClarendon Press:
MP2, STQ at MP4, PH at MP6, etc.); however, it is slowed Oxford, 1984.
down at odd orders by pushing the “coupling brake” (DD  (20) Harison, R. J.; Handy, N. Chem Phys Lett 1983 95, 386.
coupling at MP3, SDTQ,SDTQ coupling at MP5, etc.). This ,(21) Bauschiicher, C. W., Jr; Taylor, P. & Chem Phys 1986 85
must lead to initial oscillations in the MFseries which becomes (22) Bauschlicher, C. W., Jr.; Langhoff, S. R.; Taylor, P. R.; Handy, N.
obvious in the way electron correlation is important. Since the C.; Knowles, P. JJ. Chem Phys 1986 85, 1469.
latter depends on the number of electrons and a clustering of56(()%3) Bauschlicher, C. W., Jr.; Taylor, P. R.Chem Phys 1987, 86,
electrons. in certain regions of space, the deficiencies of t.he (24) Bauschlicher, C. W., Jr. Taylor, P. R. Chem Phys 1986 85,
perturbation engine become obvious for class B systems (i.e.g510.
the majority of electronic systems) while they are reflected for  (25) Bauschlicher, C. W., Jr.; Langhoff, S. R.; Taylor, P. R.; Partridge,

class A systems just by the relatively slow convergence of the H. Chem Phys Lett 1986 126, 436.
MPn series (26) Bauschlicher, C. W., Jr.; Taylor, P. R.Chem Phys 1986 85,
' 2779.
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