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Abstract

Chemical reactions can be described by utilizing the topological features of the electron density
distribution p(r). This implies defining atoms in molecules, chemical bonds, molecular graphs,
molecular structure, structural stability, and changes in molecular structure from a topological
point of view. Looked at in this way, chemical reactions are transitions from one structural region
to another passing through one or several unstable structures, which can be associated with the
transition state(s) of chemical reactions. An alternative way of describing chemical reactions is
given by the analysis of the Laplace concentration — F?p(r). This leads to a more qualitative
account of changes in molecular structure owing to chemical reactions. It also has the advantage
of bridging the gap between molecular-orbital-based and p(r)-based descriptions of chemical re-
actions and molecular activity.

INTRODUCTION

Many heuristic models and concepts used to describe chemical reactions are
based on molecular orbital (MO) theory [1]. Therefore, it is not surprising
that most chemists prefer to explain bond-breaking and bond-forming pro-
cesses in terms of the accompanying changes of the MOs. These descriptions
are often easy to understand but mostly very difficult to verify on a quantita-
tive basis. This is because MOs (as well as atomic orbitals (AOs) are non-
observable. Furthermore, MOs can be transformed in many ways (applying
appropriate unitary transformations) without changing the energy, geometry
or other observable properties of the molecule in question. It often occurs that
a certain reaction of the molecule can easily be rationalized with one set of
MOs (e.g. delocalized MOs), while it is difficult to understand if a transformed
set of MOs (e.g. localized MOs) is used.

To describe bond-breaking and bond-forming processes in terms of MOs
implies that chemical bonding can be defined or at least rationalized in terms
of MOs. While this seems to be straightforward in cases such as H, or He, it
becomes very complicated and almost impossible if chemical bonding in poly-
atomic molecules has to be explained [2]. A simple example may illustrate
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this. Homoaromaticity is believed to arise from through-space overlap between
pz orbitals of two carbon atoms separated by a saturated CH, group [3]. Since
the interacting centres are normally separated by 1.8-2.2 A [4], the orbital
overlap is actually very small. Therefore, the key question of homoaromaticity
is whether a small orbital overlap can lead to a homoaromatic C-C bond. It is
clear that such a question cannot be answered in a general way. Similarly, it is
impossible to derive from MO theory whether a bond is broken at the same
time before, or after the transition state of a bond-breaking reaction [5].

In view of these disadvantages of MO descriptions of chemical reactions, it
seems to be better to abandon orbitals and to use other means of describing
molecules and molecular reactivity. Of course, from a theoretical point of view,
the universal descriptor of reacting or non-reacting molecules is the molecular
wavefunction W. The wavefunction ¥ embodies all the information about the
structure, stability, and reactivity of a molecule. However, it contains this in-
formation in a complex form that is difficult to translate into easy to under-
stand descriptions of molecular reactions. Therefore, it is better to use a mo-
lecular quantity that is: (a) a function of ¥, (b) invariant under unitary
transformations of the MOs, (c) an observable molecular property, (d) di-
rectly related to the molecular energy and other molecular properties, and (e)
useful in describing atoms in molecules and chemical bonding. Such a quantity
would definitely be more suitable for the description and rationalization of
chemical reactions.

One quantity that fulfils requirements (a) to (e) is the total one-electron
density distribution p(r). It is (a) a direct function of ¥, (b) invariant with
regard to unitary transformations of the MOs, and (c) an observable molecular
property. Furthermore, Hohenberg and Kohn [6] have shown that the energy
of a non-degenerate electronic ground state of a molecule is a unique functional
of p(r), which implies that (d) other chemical and physical properties can also
be related to p(r).

The properties of p(r) can be used to disect the molecular space into atomic
subspaces. Bader and co-workers [7] have developed the virial partitioning
method, which leads to well-defined subspaces in which the virial theorem and
other quantum mechanical laws are valid in the same way as they are in the
total molecular space. Experience shows that in most cases (but not all [8])
there is just one nucleus located in a virial subspace. Hence, the virial parti-
tioning method is a unique way of disecting p(r), which can be used:

(i) to develop a model description of atoms in molecules;

(ii) to develop a p(r)-based model of chemical bonding;

(iii) to define molecular structure in terms of the topology of p(r);

(iv) to describe chemical reactions as changes in the topology of p(r).
(For recent reviews see refs. 5 and 7.)

Following (i) to (iv) it is, in principle, possible to describe any chemical
reaction. This is discussed in the following section using some examples. As
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we will see, this approach has its advantages and disadvantages, the latter have
to do with the fact that the association of the virial subspaces with atomic
subspaces is only a model and not an exact theory.

Because of these disadvantages, it is often better to use other properties of
p(r) as descriptors for the molecular changes that occur during a reaction. In
this respect, the Laplacian of the electron density is very promising [9,10]. It
leads to simple descriptions of and insights into chemical reactions without
the need for computer-time-demanding partitioning techniques of p(r).
Therefore, we will describe the Laplacian of p(r) and demonstrate its useful-
ness for qualitative descriptions of chemical reactions later in this paper.

CHEMICAL BONDING, MOLECULAR STRUCTURE, AND CHANGES IN MOLECULAR
STRUCTURE

Two bonded atoms A and B are connected by a path of maximum electron
density (MED) [7]. Any lateral displacement from the MED path leads to a
decrease in p(r). Coming from A, p(r) first decreases until it reaches a mini-
mum. This minimum of p(r) along the MED path is actually a saddle point r,
in three dimensions. The point ry, is located in the surface (zero-flux surface
[7]) which separates the virial subspace of A from that of B. When going
beyond r;,, the density p(r) increases towards B until it reaches a maximum,
This is illustrated in Fig. 1 which shows a perspective drawing of the electron-
density distribution of benzene.

The MED path can be considered to be an image of the chemical bond. How-
ever, there are also MED paths in the case of weak molecular interactions
typical of van der Waals complexes [11]. In order to distinguish between co-
valent bonding and closed-shell interactions typical of electrostatic or ionic
bonding, dispersion interactions and other non-covalent interactions, Cremer
and Kraka [11,12] have suggested a necessary and a sufficient condition for
covalent bonding, both conditions being based on the properties of p(r):

(i) Covalent bonding requires an MED path between the atoms in question
(necessary condition);

(ii) Covalent bonding requires that the local energy density H(r) at the
saddle point r, (bond critical point) of the MED path becomes stabilizing
(H(r,) <0) (sufficient condition).

This definition has proven to be useful in many descriptions of covalent
bonding [13]. It can be used to derive a definition of molecular structure along
the lines first suggested by Bader et al. [14]. For a given nuclear configuration,
a molecule can be characterized by the topology of its MED (bond) paths and
the associated saddle points r,. The network of MED (bond) paths defines a
molecular graph. There exists a manifold of (topologically) equivalent molec-
ular graphs that possess the same connectivity pattern of bond paths, but cor-
respond to different geometries. Each class of equivalent molecular graphs rep-
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Fig. 1. Perspective drawing of the calculated electron-density distribution p(r) of benzene shown
with regard to the plane containing the 12 nuclei. The position of one of the saddle points between
a carbon and a hydrogen atom is marked by an arrow. The molecular graph with bond paths and
bond critical points r, is shown in the upper half of the figure. For a better representation p(r)
values above a threshold are cut off. (HF/6-31G{(d,p) calculations.)

resents a unique molecular structure which, in turn, is associated with a
structural region of the configuration space. For a molecular state, there exists
a finite number of classes of equivalent graphs (molecular structures) and
associated structural regions [14].

For a given system made up of a finite number of atoms, the collection of all
structural regions together with their boundaries is called a structure diagram.
Any process that leads the system from one structural region to another is a
chemical reaction. Any process that leads the system outside its structural
diagram into another diagram implies a change in the number of atoms and,
therefore, is no longer a chemical reaction but an atom (nucleus) destroying
or forming process. In view of this, the structure diagram of a given system
should embody all the information concerning the chemical reactions of the
system in question. Accordingly, the description of chemical reactions and the
elucidation of reaction mechanisms should be based on changes in the topology
of the bond critical points of p(r) (changes in the molecular graph) and on
the corresponding transitions from one region of the structure diagram to
another.

The usefulness of these definitions may be explained with the help of an
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example. For this purpose we consider the three-atom system ABC. A priori,
one would predict that this system possesses four structural regions corre-
sponding to the molecular structures I-IV.

A
A-B-C B-C-A BAC L C

| 11 il 1v

There are two bond paths for I, II, and III, but three for IV, which represents
a three-membered ring. The first three structures comprise linear as well as
bent molecular graphs (geometries), but for reasons of simplicity we consider
here only the linear molecular graphs.

The actual structure diagram (Fig. 2) shows 10 structural regions, but only
four of them (I-IV) are regions of (topologically) stable structures. The other
regions (V-X) contain (topologically) unstable structures. (In a topological
sense, a molecular structure i1s stable (unstable) if a differential change in
geometry does not lead (leads) to a discontinuous change in the molecular
graph. See ref. 15.) For example, structure V (see Fig. 2) is unusual due to the
fact that A is no longer bonded to either B or C, but to the bond critical point
of the bond B-C. This is the structure of a 7 complex and, therefore, structures
V, VI and VII correspond to three different 7 complexes of the atom ensemble
ABC.

In structure V, an extremely small movement of A in the direction of C (B)
leads to a sudden switch of the A, (BC) path to nucleus C (B) and the for-
mation of the stable structure BCA (ABC). Since extremely small movements
of the apex atom can lead to immediate formation of a new stable structure,

B=C==A

B
ale
\7/ B=—A=—C

Fig. 2. Schematic representation of the structure diagram of the molecular system ABC. For each
of the structural regions I-X a molecular graph is given. Asterisks denote catastrophe points.
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structures such as V, VI or VII are called unstable structures. Catastrophe
theory describes these structures as catastrophes of the conflict type [15].

Structures VIII, IX and X are unstable structures for the same reason, but
they are characterized by the formation (or loss) of a new bond path. This is
indicated by the singularity of p(r) at the position indicated by an asterisk in
Fig. 2. In catastrophe theory, the points labeled by an asterisk are called bifur-
cation points [15]. In the structure diagram of ABC, the bifurcation point
indicates the transition from an open structure to a ring structure (Fig. 2).

A chemical reaction such as the isomerization reaction

A-B-C-B-C-A

can be described in terms of structural changes as shown in Fig. 3(a). Inspec-
tion of the structure diagram reveals that there are two possible reaction paths

@ c Asp—c
A=B— -
\

v slc v N
A /
B C’A 0’ BQC I1X
B=C-A /
JA
B—-C
E E

®) (©)

Fig. 3. Isomerization of ABC. (a) Description of possible reaction paths in terms of the molecular
structures encountered along the path (compare with Fig. 2). (b,c) Possible energy profiles cor-
responding to the two reactions shown in (a).
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for the isomerization. The first starts with a bending of the linear geometry
(graph) within the structural region I. It then proceeds via the 7 complex V
and enters the structural region II.

The second reaction path leads through the structural region IV, which means
there are now two structural changes, one when crossing VIII and the other
when crossing IX. As the ring structure IV is a stable structure (with regard
to p(r)) it is tempting to consider IV as an intermediate (with regard to the
energy E) of the isomerization reaction. Accordingly, the energetics of the two
reaction paths of the isomerization can be qualitatively described by energy
profiles such as those shown Figs. 3(b) and 3(c).

It is appealing to associate the unstable structures V, VIII and IX with the
transition states of the two reaction paths depicted in Fig. 3(a). So far, we
have investigated only a limited number of reactions (E. Kraka and D. Cremer,
unpublished results). Results show that there may indeed be a one-to-one re-
lationship between catastrophe points (unstable structures) and transition
states crossed in a reaction. However, in no case investigated are the coordi-
nates of the transition state identical with those of the corresponding catas-
trophe point.

An association of unstable structures and transition stages is not meaningful
in those cases where the definition of atoms in molecules no longer applies,
because there are more (or less) subspaces than atoms in a molecular system.
For example, for Li, three subspaces have been found as well as a relatively
complicated structure diagram (with various catastrophe points) [8d] that
has no bearing on the chemistry of the molecule. In these cases, one should
remember the model character of the approach and refrain from speculation
about unusual bonding mechanism or unusual chemical reactivity.

Apart from this, a caveat is necessary to avoid confusion about the use of
the terms “structure” and “stability” within the context of a p(r)-based de-
scription of chemical reactions. These terms are normally used with regard to
the properties of the molecular energy and, then, they have a completely dif-
ferent meaning. Stability, in a topological sense, does not necessarily imply
thermodynamic (or kinetic) stability. Also, reaction intermediates may pos-
sess different topological structures but, as their energies (stabilities) or other
molecular properties are the same, a chemical differentiation (within experi-
mental accuracy) may not be possible. As long as the energetics of a given
system are not determined, it does not help an experimentalist very much if he
knows that a particular molecular structure is topologically stable. Predictions
can be made on the basis of structure diagrams, but research is a long way off
understanding the relationship between p(r)-based and E-based descriptions
of structure, stability, and reactivity.

In view of the different meanings of the terms structure and stability, the
use of the term “z complex” in connection with the structure diagram in Fig.
2 18 much more limited than its normal chemical use. Here, it denotes a T-
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shaped molecular graph with just two bond paths. General use of the term n
complex, however, can cover topological 7 complexes as well as three-mem-
bered rings with large n-complex character owing to inwardly curved bond
paths [16]. In this way, a 7-complex could also turn out to be an intermediate
rather than a conflict structure (transition state).

In general, calculation of a structure diagram is costly and requires a number
of steps. First, the electron density distribution p(r) has to be computed for a
large number of nuclear configurations. There is no algorithm that leads to a
direct location of the regions of unstable structures that separate the regions
of stable structures. Accordingly, the search for the unstable structures in the
configuration space has to be done by trial and error. This is much more costly
than a direct transition-state search with analytical energy gradient techniques.

Furthermore, there are no time savings when focusing calculations on p(r)
rather than the molecular energy E. The bond paths and molecular graphs of
the unstable structures are sensitive to correlation and basis-sets effects.
Therefore, correlation-corrected ab initio methods and large basis sets have to
be used to make sure that all unstable structures are correctly described. This
implies the calculation of response densities [17], which is best done by utiliz-
ing analytical energy gradient techniques [18]. In general, the calculation of
response densities with these techniques is two to three times as costly as an
energy calculation [18]. Once the response density distribution p(r) has been
determined with the correlation-corrected method for a given geometry, the
location of the bond paths and the molecular graph takes a matter of seconds
compared to a Mulliken population analysis [5]. Hence, the real cost factor is
the trial-and-error search for the unstable structures. Research is needed to
develop new searching algorithms that cut down costs.

Of course there are cases where the determination of the structure diagram
can be achieved because of symmetry. For example, Bader et al. [19] have
calculated the structure diagram for the system O-H, (imposing C,, symme-
try). In a similar way Cremer and Kraka [16] have investigated the ring for-
mation of several ABA systems. However, in general, the determination of a
structure diagram with all its possible unstable structures is much more costly
than direct calculation of the corresponding transition states.

DESCRIPTION OF CHEMICAL REACTIONS BY MEANS OF THE LAPLACIAN OF p(r)

One of the goals of theoretical chemistry is to predict the reactive behavior
of molecules from the properties of the potential reactants. This approach is
very economic and has been successfully applied on the basis of MO theory
[1] (see for example the results of Hiickel MO, frontier orbital, PMO, or or-
bital symmetry conversation theory). In the following we describe a similar
approach using the Laplacian of the electron density distribution p(r). The
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Laplacian can be used to determine the electronic structure of molecules and
to identify the reactive sites in a molecule [5,9].

It has been shown that the Laplacian of p(r), ?p(r), reveals where elec-
trons are concentrated (F2p(r) <0) or depleted (F?p(r)>0) in the molecule
[9,20]. Therefore, the function — F?p(r) has been called the Laplace concen-
tration of the electrons. The Laplace concentration possesses the important
property to give zero when integrated over the molecular space or an (atomic)
subspace. All fluctuations in — F?p(r) are such that local depletion or concen-
tration of electronic charge cancel each other out for an individual atom in the
molecule (defined by its virial subspace) as well as for the total molecule. If
electrons concentrate at, for example, the position of a lone pair, negative charge
will be depleted at another site of the molecule. In this way the Laplace con-
centration reveals positions of preferential electrophilic or nucleophilic attack
in the molecule.

In Figs. 4 and 5, perspective drawings of both p(r) and — V?p(r) are shown
for the protonation of CN~ to give HCN or HNC.

H*+|C=N|~-H-C=N|
H* + |[N=C|~-»H-N=C|

Simple Lewis structures suggest that the formation of HNC requires a consid-
erable change in the electronic structure of the CN~ anion while the formation
of HCN does not. Also, it is well known that HCN is thermodynamically more
stable than HNC [21]. However, inspection of p(r) does not reveal any dif-
ferences in the CN part for H* approaching either the carbon or the nitrogen
side. The electron distribution of CN seems to be (qualitatively) unchanged
when going from CN~ to HCN or HNC. Not much can be said about the two
reactions if the description is based on the qualitative features of p(r) alone.
A quantitative analysis of p(r) is needed to describe the protonation reactions.

The case is different for — F?p(r ), which possesses a more complex structure
than p(r). Perspective drawings as well as contour-line diagrams of calculated
Laplace concentrations (see Fig. 5) show that there are spheres of charge con-
centration and charge depletion surrounding each atom in a molecule. These
spheres have been associated with the inner core and the valence shell of the
atoms [9]. In a molecule the spheres are distorted in typical ways which pro-
vide insight into its electronic structure and bonding pattern [5]. For example,
in the case of the cyanide anion (Figs. 5(a) and 5(b) ), the concentration lumps
of —F?p(r) can be associated with the inner shell electron pairs (1s), bond
electron pairs (bp), and the electron lone pairs (lp) at the nitrogen and the
carbon atom.

An electrophilic attack by a proton will occur at a position that offers a
maximum concentration of electrons such as the site of the nitrogen or carbon
lone pair. Concentration of negative charge due to the nitrogen lone pair is
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almost three times as large as that due to the carbon lone pair and, therefore,
one should expect an electrophile to prefer the nitrogen side and to form iso-
cyanides. However, Fig. 5(b), which gives the contour-line diagram of the La-
place concentration of the cyanide anion (concentration is indicated by dashed
contour lines), reveals another important property of the two lone-pair con-

Fig. 4 (opposite and above). Perspective drawing of the calculated electron density distribution
p(r) of (a) CN—, (b) H* approaching CN~ at the carbon side at a distance of 2 A (¢c) H*
approaching CN~ at the nitrogen side at a distance of 2 A and (d) HCN. For a better represen-
tation the p(r) values above a threshold have been cut off. (HF/6-31G(d,p) calculations. )
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Fig. 4.

centrations. The electron lone pair at carbon is much more diffuse and extends
more into space than the electron lone pair at nitrogen, which is not surprising
in view of the difference in electronegativities between the two atoms.

Hence the Laplace concentration describes the cyanide anion as an ambi-
dent nucleophile with a hard end (nitrogen) and a soft end (carbon). A hard
electrophile such as the proton will prefer the nitrogen lone pair while a soft
electrophile will prefer the carbon lone pair according to the hard-soft acid-
base concept [22]. In the first case, electrostatic interactions between the large
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concentration of negative charge at nitrogen and the positive proton will dom-
inate the reaction mechanism, while in the latter case orbital overlap will be
important. It is clear that the more extended the lone pair is the more easily a
reaction with a soft electrophile can take place.

Fig. 5 (overleaf, opposite and above). Perspective drawings and contour-line diagrams of the La-
place concentration — p(r) of (a,b) CN—, (c,d) H* approaching CN~ at the carpon sideat a
distance of 2 A, (e, f) H* approaching CN~ at the nitrogen side at a distance of 2 A, and (g, h)
HCN. Inner shell (1s), bond (bp), and lone pair (Ip) concentrations are indicated in the per-
spective drawings of — F?p(r) of CN~ and HCN. Laplace values above and below a threshold
value have been cut off. In the contour-line diagrams, inner-shell concentrations are not shown
(HF/6-31G(d,p) calculations.)
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According to this description one would expect that protonation (e.g. by HCl
or HBr) exclusively leads to HNC, while in reality the opposite is true [23].
This, of course, has to do with the larger thermodynamic stability of HCN,
which in the gas phase is about 10-15 kcal mol —! more stable than HNC [21].
This difference in stability is reflected by perspective drawings of the Laplace
concentrations of a proton approaching CN— at either the carbon (Fig. 5(c))
or the nitrogen side (Fig. 5(e)) at a distance of 2 A.InFigs. 5(d) and 5(f) the
corresponding contour-line diagrams of — F?p(r) are shown. In the first case,
the lone pair concentration is pulled out in the direction of the proton, thus
lowering its maximum value. Figure 5(d) shows that electronic charge starts

Fig. 5 (continued).
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to concentrate between the hydrogen and carbon atoms to form a C-H bond.
At the same time the charge concentration at the nitrogen atom is pulled in
the direction of the carbon atom, which means that the lone pair concentration
at nitrogen is contracted, thus increasing its maximum value. There are, how-
ever, no significant changes in the C-N bond region.

Attack of the proton at the nitrogen side of CN~ does not lead to a distortion
of lone pair concentration toward H* (Figs. 5(e) and 5(f) ). It seems that the
nitrogen lone pair is too “hard” to be easily distorted to an N-H bond concen-
tration and, therefore, the N-H bond concentration seems to be formed at a
later stage than the C-H bond concentration. Instead, the Laplace concentra-
tion in the valence sphere of nitrogen rearranges (Fig. 5(e) ). The concentra-

e

Fig. 5 (continued).
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tion lumps before and behind the nitrogen atom in the direction of the C-N
axis are reduced, while new concentration lumps emerge in the direction per-
pendicular to the C-N axis, i.e. in the 7 region. This is exactly that what one
would expect in view of the Lewis structure of HNC (see above). As a conse-
quence of the reorganization of the Laplace concentration of CN, the nitrogen
nucleus is deshielded in the direction of the carbon nucleus and the C-N nu-
clear repulsion is increased (the N-C bond length in HNC is 1.15 A as com-
pared to 1.13 A in HCN). Although protonation at the nitrogen side should
proceed without any barrier (both in the gas and the solution phase), the fea-
tures of —p(r) suggest that the resulting product (HNC) should be less stable
than HCN.

g

Fig. 5 (continued).
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In summary, inspection of the Laplace concentration reveals that protona-
tion should take place at the nitrogen atom, but that HCN should be the ther-
modynamically more stable product. Similar answers can be derived from a
quantitative analysis of p(r), but not just by inspecting graphical representa-
tions of p(r) such as those shown in Fig. 4. Of course, neither p(r) nor — F?p(r)
can provide a direct answer to the question of why HCN is formed exclusively.
This could be due to proton exchange reaction with either CN— or X—=Cl-
or Br™ acting as a catalyst.

CN-+HNC—{NC~-+-HNC}>HCN+CN-
X~ +HNC—{X~-+HNC}-HX+CN-»HCN+X~

Inspection of the perspective drawings of — F?p(r) in Fig. 5 also reveals where
possible nucleophilic attacks may take place. There are distinct holes in the
valence shell of HCN (Fig. 5(g)) at both carbon and nitrogen. However, the
hole at the carbon atom is deeper than that at the nitrogen atom, which means
that the carbon nucleus is less shielded than the nitrogen nucleus. Therefore,
a nucleophile will preferentially attack at the carbon atom, in line with exper-
imental observations.

Analysis of the Laplace concentration has helped to predict pK, values of
azaannulenes [24 ], to elucidate the mechanism of Sy2 and Sg2 reactions [5],
to predict product ratios for nucleophilic and electrophilic substitution reac-
tions of benzene [5], and to explore possible reactions of noble gas elements
He, Ne, and Ar [25]. It has been stressed [5,9] that (at least for simple mol-
ecules) regions with concentration and depletion of negative charge coincide
with the regions in which the highest-occupied MO (HOMO) and lowest-un-
occupied MO (LUMO) possess their largest amplitude. Thus, in the same way
as one predicts reactive behavior utilizing frontier orbitals, an investigation of
the Laplace concentration — p(r) of a reactive molecule can be used. The anal-
ysis of the Laplace concentration provides a link between the MO approach
and the electron density approach to the description of molecules and their
chemical reactions. As F?p(r) covers the effects of all occupied MOs, it does

not suffer from the ambiguities of frontier orbital theory with regard to the
choice of the MOs to be analysed (HOMO, second HOMO, third HOMO, etc. ).
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