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ABSTRACT

The general expression for the sixth-order Meller-Plesset (MP6) energy, E(MP6), has
been dissected in the principal part &% and the renormalization part . Since % contains
unlinked diagram contributions, which are canceled by corresponding terms of the
principal part &, E(MP6) has been derived solely from the linked diagram terms of the
principal part .. These have been identified by a simple procedure that starts by
separating & into connected and disconnected cluster operator diagrams and adding
terms associated with the former fully to the correlation energy. After closing all open
disconnected cluster operator diagrams, one can again distinguish between connected
and disconnected energy diagrams, of which only the former lead to linked diagram
representations and, therefore, contributions to E(MP6). The connected diagram parts of
& have been collected in four energy terms E(MP6),, E(MP6),, E(MP6);, and E(MP6),.
The sum of these terms has led to an appropriate energy formula for E(MP6) in terms of

first- and second-order cluster operators. © 1996 John Wiley & Sons, Inc.

Introduction

any-body perturbation theory (MBPT) in

connection with the Mpoller-Plesset (MP)
perturbation operator {1] is one of the most often
used approaches to add dynamic correlation cor-
rections to ab initio energies based on the
Hartree~Fock (HF) approximation {2-9]. The at-
tractiveness of MP theory results from a number of
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advantages. For example, MP perturbation theory
offers a hierarchy of well-defined methods that
provide increasing accuracy with increasing order
n. Correlation corrections are included stepwise in
a systematic way that facilitates their analysis and
interpretation. At each order n, MPn methods are
size-extensive and this will also hold if parts of the
MPn correlation energy are considered. Since the
calculation of MP correlation corrections is carried
out in single, noniterative steps, the MP approach
is the most economic ab initioc method for obtain-
ing dynamic correlation corrections. Although
MBPT theory in general or MP theory in specific

CCC 0020-7608 /96 / 010015-15



HE AND CREMER

does not provide a wave function associated with
a given correlation energy of order n, it is possible
at each order 7 to calculate molecular properties in
form of response properties using analytical en-
ergy derivatives [10, 11].

As is indicated in Table I, MBPT methods are
practical up to fourth-order and become more dif-
ficult to apply at higher orders. Second-order MP
(MP2) theory covers double (D) excitations and,
accordingly, describes pair correlation effects 3, 4].
At third-order MP (MP3) theory, coupling between
D excitations is introduced and in this way the
well-known exaggeration of pair correlation effects
at MP2 is partially corrected [5]. At fourth-order
MP (MP4) theory, single (S), triple (T), and
quadruple (Q) excitations are added to the D
excitations, thus yielding four energy contribu-
tions E{Y with A=5, D, T, and Q which to-
gether lead to the MP4 correlation energy E(MP4)
[6,7]. Although the calculation of the contribution
E{Y seems to involve a cost factor of O(M?®) where
M is the number of basis functions, a stepwise
evaluation of the Q term using intermediate arrays
reduces the actual computational cost of calculat-
ing EY’ to O(M®). The largest cost factor for
calculating E(MP4) results from the evaluation of
the T contribution E{Y which is proportional to
O(M?7) (Table I).

At fifth-order MP (MP5) theory, couplings be-
tween S, D, T, and Q excitations are introduced
[8,9]. There are 14 coupling terms ES}, which
because of the equivalence of terms E$) and ES)
reduce to 9 unique terms (Fig. 1). Again, contribu-
tions such as Eggg, the calculation of which would
require O(M™®) operations in a one-step proce-
dure, can be simplified by using intermediate ar-
rays so that the actual cost for the determination of

the MP5 correlation energy is O(M®). At MP5, a
similar observation can be made as in the case of
MP3: New correlation effects added in the previ-
ous (even-numbered) order are reduced by the
introduction of couplings between the correspond-
ing excitations. This happens at all odd orders of
MP perturbation theory and, therefore, it can lead
to an oscillatory behavior of calculated molecular
properties obtained at increasing orders of pertur-
bation theory [10, 11]. Since new excitations are not
added at odd orders, odd orders of perturbation
theory are mostly considered as being not very
attractive for application to chemical problems.
That is why MP2 and MP4 are normally used in
correlation corrected ab initio investigations while
there are relatively few studies based on either
MP3 or MP5 theory.

Although investigations using higher orders of
perturbation theory (n > 5) have been carried out
for some few-electron molecules {12, 13], there is
presently no method available by which routine
investigations for sixth-order MP (MP6) theory can
be carried out. There are 55 energy contributions
of the type E$}., which reduce to 36 because of
symmetry [14]. In the upper half of Figure 1, the
energy contributions E{}-  at nth order are given
in a graphical way. The rows of the diagram corre-
spond to a given order 7. Each energy contribution
at this order n corresponds to a path starting at
A=S5, D, T, or Q in the row corresponding to
E{)-  andleading down to the bottom row, which
contains the fourth-order terms ES’. For example,
one obtains 14 paths at fifth-order, namely the SS,
SD, ST, DS, DD, DT, DQ, TS, TD, TT, TQ, QD,
QT, and the QQ path. At sixth-order, one has to
consider that T and Q) excitations can couple with
pentuple (P) and hextuple (H) excitations. There-
fore, the diagram extends to the right when the
paths go down to levels n — 1, etc. However, any
allowed path can only start and end at A =S, D,
T, Q, which is indicated by (wiggled) separation
lines for the starting level n in Figure 1.

In the lower half of Figure 1 all 55 energy paths
of MP6 are listed, 19 of which are equivalent
because of symmetry. Hence, there remain 36
unique paths corresponding to 36 unique energy
terms E$)., which have to be calculated to deter-
mine the MP6 correlation energy.

In this and Part II of this series, we will present
the basic theory and explicit formulas to carry out
MP6 calculations using both algebraic and a dia-
grammatic approaches. The following reasons have
motivated our work.

TABLE |
Description of MPn methods (n =2, 3,..., 8).
No. of

No. of nonequivalent
Order n total terms terms Cost
2 1 1 O(M®)
3 1 1 O(M®)
4 4 4 oM7)
5 14 9 O(Mm?®)
6 55 36 O(M?®)
7 221 141 o(M™%)
8 915 583 oM™
16
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FIGURE 1. Graphical representation of energy contributions E{}}.  at nth order many-body perturbation theory
(n=4,5,6,7,8) (upper part of the figure). A particular energy contribution E{).  is given by the solid line that starts at
A=S,D,TorQinrow E®™ and connects B, C, etc. atrow n — 1,n — 2, etc. until n = 4 is reached. Note that at the
n—1,n—-2,...,n=>5level also those excitations are included that can couple with A =S, D, T, Q at level n and level
4 according to Slater rules. They are given in parentheses after a separator (downward directed wiggles) to the right of
the S,D,T,Q excitations. At the bottom of the diagram, fifth-order and sixth-order energy terms E{f} and E(,
respectively, are listed in correspondence to the energy paths shown in the upper half of the diagram. Unique terms are
given in bold print.

. MP6 is after MP2 and MP4 the next even
order method that should be of interest be-
cause of the introduction of new correlation
effects.

. With MP6 one has three energies (MP2, MP4,
MP6) in the class of even-order methods
and three in the class of odd-order methods
(MP1 = HF, MP3, MP5). In this way, one
gets a somewhat more realistic basis to test
the convergence behavior of MPn series [15].

. Inspection of Table I and Figure 1 reveals
that MP6 is actually the last method that can
be developed using traditional techniques.
MP?7 has already a total of 221 terms, 141 of
which are unique. Therefore, setting up MP7
or even higher MPn methods will require
some form of automated method develop-
ment based on computer algebra languages.

. The cost of a MP6 calculation is proportional
to O(M?) (see Table I). This is too expensive

for calculations on larger molecules, but still
gives a change for systematic studies on small
molecules.

. Apart from this, there is the possibility of

developing useful approximated MP6 meth-
ods, which are less costly than the full MP6
approach because they include just the more
important energy contributions E$). rather
than the full set of 36 energy terms.

. The development of MP7 and even higher

MP#n methods becomes rather difficult (see
Table I and Refs. 16 and 17) and, therefore,
this work will require new techniques using
computer algebra and/or modern program-
ming languages. New programming strate-
gies have to be developed, for which MP6 is
an excellent testing ground because it repre-
sents already that degree of complication that

will be encountered at all higher levels of
MPn theory.
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In the present work, we will start from the
general formulation of nth order perturbation the-
ory to derive appropriate formulas for all 36 sixth-
order energy terms E}. that have to be calcu-
lated to get the MP6 correlation energy. While
these terms are actually clear from the diagram
shown in Figure 1, their actual evaluation has to
be done in a different way in order to keep compu-
tational cost at a recent level. In the following
study [18], we will present the transformation of
the algebraic energy formulas into two-electron
integral formulas and the structuring of a suitable
computer program. We will also discuss the imple-
mentation of MP6 and present first applications of
the MP6 method. Finally, in a third study [19], we
will develop efficient MP6 methods that can be
used in connection with MP5 and MP4 methods.

Theory

In standard MP perturbation theory, the Hamil-
tonian is given by

H=H,+V, (D

where H, and V are defined by

Hy=LF = Z(h, +3,), @
P p

V=Y &l - X3, (3)
p<q r

In Eq. 2), ﬁp denotes the one-electron part of the
Hamiltonian and §, covers Coulomb and ex-
change operators which describe two-electron in-
teractions. The MP energy E{f} = E(MPn) at nth
order can be written as

EMPn) = (9,lVA VD), @)

where |®;) is the Hartree-Fock (HF) reference
wave function and the wave operator () at nth
order is given by

n—1
am = & |vae-n - Y Emac-m|  5)

m=1
with G, being the reduced resolvent:

A > PP
GO=ZIk>< il

—_ 6)
k=1 E0 - Ek

In our previous work [14], we have made use of
Egs. (4) and (5) to derive the MP energy expres-
sion at sixth-order as a sum of four parts &, &, &,
and 9.

EIMMPG) =4+ B +F+D =4 +F. (7)

The principal part & is given by Eq. (8) while parts
&, €, and & given in Egs. (9), (10), and (11)
correspond to the renormalization part .%.

SDTQ SDTQPH

a=¥ L (@
X1, X2 y

(T)'V

®, XEy — E,) '

_ e
XV, (Ey — E) 'V,

X(Ey — E,) " (@, [VTD]d,), (®)
D SDTQ _
£ = - Z Z V0d1(E0 - Ed1)>1Vd1x
dy,dy,dy  x

X(Ey — Ex)‘lvxdz(EO - Edz)-lvdzo

X [(Ey = Eg) " +(Ey—Eg) 7' +(Ey —E)™

+(Ey = Eg) 7| Voul B = E) WVa, O

> -1% -1
&= - Z VOdl( E, - Edl) ledz( E, - Edz) deo
dy, dy

x[(Ey = E)) ™ + (B = E) 7]

x (| (1) VTO| @, ), (10)

D -1 -1
D= Y VoulEy—Ey) Vyo(E, — Ey)
dy, dy, ds
-1

X VoalEy = Eg)) Vayo

x[(Ey = E)™" + (Bo — Ei) 7' Vau,

X(Ey = Ez) 'V, (11)
where S, D, T, Q, P, and H excitations are de-
noted by subscripts s, d, ¢, 4, p, and h. For general
excitations X, Y, etc., we will use subscripts x, y,
etc.

In Egs. (8)—(11) the following terms have been
used:

Voa = (@oIVI®,), (12)
ny = <q)xn}'q)y> - 6xy<q)0|‘7|cb0>/ (13)

18
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and

D
TOI®,) = LI®NE, — E) Ve (19
d

Energies E,, E;, E,, and E, of Egs. (8)-(14) are
eigenvalues of the unperturbed Hamiltonian H,
corresponding to the eigenfunctions |®y), |,
(doubly excited), |®,) (x- fold excited), and |<I> >
(y-fold excited). Operator T4V is the double excita-
tion cluster operator at flrst—order perturbation
theory. At second-order perturbation theory, there
are the single, double, and triple excitation cluster

operators T2, T and T{?, respectively:

S
TOI0,) = LIP)(E, — E) ™ (@,[VTHI0,), (15)

D
P10, = LI®(E, — E) (@, VTP|Dy),
d

(16)

T
TP, = LI®)(E, - E) (@, [VTPI0), (17)
t

which will be used in the derivation of E(MP6).

The renormalization term # =% + & + 2 con-
tains unlinked diagram contributions. According
to the linked diagram theorem [20], the unlinked
diagram terms of Egs. (9)-(11) must be canceled
by corresponding terms of the principal part . in
order to guarantee proper dependence of the en-
ergy EQMP6) on the size of the system (size exten-
sivity [21]). Accordingly, only the linked diagram
terms of part & contribute to E(MP6) in its final
form.

Since unlinked diagram terms contain discon-
nected closed parts in their graphical representa-
tion, a convenient way of distinguishing between
linked and unlinked diagram terms of the princi-
pal part & is to check whether a given term
(X, Y, X,

H(X,,Y, X,)
X, Xy ¥
= ¥ X (@|(T8) V]o,, )E B
X1, X2 Y
— 1=
X ViulEy = E)) 'V,

X (Ey = E,) 7 (@, [VID],)

(X1/X2=SID/T/Q;Y:S/DIT/Q/P/H) (18)

contains disconnected cluster operator parts in its
graphical representation. For example, for X,,
X,=S5,D,T and Y =S5,D, the diagrammatic
representations of #(X;,Y, X,) can only contain
connected diagram parts and therefore, the corre-
sponding terms represent linked diagram contri-
butions, which fully contribute to the energy
E(MP6). In such a case, we call the whole term
#(X,,Y, X,) a connected cluster operator diagram
term. For example, the terms (X, T, X,) (X, X,
=D, T) and o/AT,Q,T) are also associated with
connected cluster operator diagram terms. But for
X, = Q, #(X,,Y, Q) can be written as

(X, Y, Q)

=§zz<

(1) 7o, WE, — £
X Vxly(EO B Ey)'lqu
X (Ey — E) " (@, |VED|, )
=§j‘£< ®,|(T9) V]@,, N E, — E,)7"
x1 Y
1( A(l))2(¢0>’

(19)

= -1
XV, (B~ E)”" (o,

where a disconnected cluster operator 2(T{")? ap-
pears, which corresponds to a disconnected dia-
gram part in the graphical representation of
#(X;,Y, Q) and, accordingly, leads to linked and
unlinked diagram contributions to the energy.
Thereby, #(X,,Y,Q), contrary to the connected
cluster operator diagram terms (X, Y, X,)
(X, X,=S5,D,T,Y =S, D, etc.), contributes only
partially to E(MP6). In this case, we call the whole
term a disconnected cluster operator diagram term
because of the presence of disconnected diagram
parts in the graphical representation. The other
terms of principal part & all involve disconnected
cluster operator diagrams. In order to show this,
we introduce graphical representations of pertur-
bation operator V and cluster operators T™ (i =

1,2,3) at nth order perturbation theory, takmg the
HF wave function |®;) as a reference function,

5 VYN A

VAN NN (20)
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T(m: (1)

Tim: (22)

V
V.V
Tym: \{ \{ 5/ (23)

In Egs. (20)-(23) as well as in the following
equations, diagrams are given in a simplified form
since they will only be used to distinguish be-
tween linked and unlinked diagram terms. In terms
of Eq. (22) one can express the cluster operator
5(T§V)? in a diagrammatic form shown in Eq. (24).

V_ VNV e

Using Egs. (20)—(23) one can identify other dis-
connected diagram parts resulting from products

of the operator V and the cluster operators 1%
(i=1,2,3):

o, X @ |Vi®|®,): \/\/ M (25)
ep{eVigle):\ / \/ \/ \/

(26)
|®p><®p|‘7f3(2)|®0>: \/ \/ \ { } { } /

which appear in the terms #(X;, T, S),
(X, Q, D), and (X, P,T), respectively. All
disconnected diagram terms are found in these
terms as well as in 9 X,, Y, Q).

In summary, all terms of the principal part .«
can be identified as being associated with con-
nected or disconnected cluster operator diagrams.
The latter can be further categorized by distin-
guishing between disconnected diagram parts as-
sociated with T, Q, or P excitations. Accordingly,
we dissect all terms associated with the discon-
nected cluster operator diagrams of & into three
parts. The first part covers Q contributions given
in Egs. (24) and (26), namely #(X;,Y,Q) and
(X, Q, D). The second and the third part corre-
spond to T and P contributions given by Egs. (25)
and (27), namely 2A(X,, T, S) and 2 X,, P, T).

A simple procedure is applied to identify all
linked diagram (LD) contributions to the correla-

H(T1)"

(27)

tion energy E(MP6). No matter whether a given
diagram represents a wave operator or energy part
of &/, a connected diagram always leads to a linked
energy diagram and, therefore, a contribution to
the correlation energy. The disconnected diagrams
can be open wave operator or closed energy dia-
grams, which upon closure of the former can be all
grouped into connected or disconnected energy
diagrams. Again, only the former represent LD
terms, which have to be added to the correlation
energy. In this way, all LD terms are identified
and the calculation of E(MP6) =/, is possible.

In setting up the expression for E(MP6) one has
to realize that under certain circumstances simpli-
fications are possible when parts of & are calcu-
lated at the same time. For example, parts of
A XY, Q) (Y=T,Q, P) can be combined with
AX,,T,S), /X, Q D) and oA X, P,T) thus
leading to a reduction of the corresponding com-
putational cost as will be discussed below. There-
fore, it is useful to analyze the term (X, Y, Q)
by diagrammatic techniques before focusing on
AX,,T,S), #/(X,,Q, D), and #/(X;, P, T).

In the following, we will derive explicit expres-
sions for the LD terms of & in form of the 36
energy contributions Ef. with A, B,C =
S,D,T,Q, P, H. We will give each energy contri-
bution in a cluster operator form, which can easily
be converted into two-electron integral forms [18].
For this purpose, sixth-order energy E(MP6) = &,
will be split into four parts E(MP6);,, E(MP6),,
E(MPé6), and E(MP6),, respectively, following the
analysis of the principal part & in terms of con-
nected and disconnected cluster operator diagram
contributions. E(MP6); contains 16 energy terms
E¢) - corresponding to connected cluster operator
diagram terms. E(MP6), also covers 16 energy
terms which result from disconnected Q cluster
operators. The remaining four terms are given by
E(MP6), and E(MP6), which correspond to
#(X,, T,S) (three T contributions) and
#(X,, P,T) (one P contribution), respectively. Ex-
plicit formulas for E(MP6),, E(MP6),, E(MP6),
and E(MP6), will be derived in the following
sections.

DERIVATION OF E(MP6),, FROM (X, ¥, X,)
WITH X, = S,D,T: Y=8,D; X, =S, D, T

In this case, Eq. (8) does not contain any un-
linked diagram terms and, accordingly, it is

20
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straightforward to express E(MP6),, by

1,2,3 8D

EMPOL = L X (®,|(T2) V], )
iLj oy

X(Ey = E) 7 (®,[7T]0)
~ EQ, + 2EQ, + 269 + EQq
+ 2EQp + 26 + Ly + 2EQ
+ Ehp + 2By + By + By
(28)

Note that E&), = E$), etc., which leads to a re-
duction from 18 to 12 terms E{). in Eq. (28),
which have to be weighted by appropriate factors
of 1 or 2.

DERIVATION OF E(MP6),, FROM (X, Y, X,)
WITH X, =D,T, Y=T, X,=D,T: X, =T,
Y=0,X,=T

Again, the principal part #(X;,Y, X,) contains
just linked diagram terms, which lead to four
energy contributions E§). covering T effects:

E(MPé6)1s

- ¥ ¥ (anf() T, - £
ij ot

x (| VTO|®, ) + § <q>0|(f3<2>)*v|q>q>
q

X(Ey, — E) " (@, |VIP|d,)
— Efhy + 2ES)y + EQr + ES. (29)

Hence, E(MP6), = E(MP6),, + E(MP6),, covers in
total 16 energy terms, for which explicit formulas
are given in Egs. (A1)-(A16) of the Appendix. In
none of these 16 cases is it possible to further
simply the corresponding energy expressions and
to reduce computational cost when evaluating
them. This, however, is different for the following
energy contribution E(MP6),, E(MP6),, and
E(MP6),.

DERIVATION OF E(MP6),, FROM «(X,, Y, ()
WITH X] =S9Ds1190; Y=D91'901P’H; X2= 0

H(X,,Y,Q)is given by Eq. (19), in which the Q
effects can be dlagrammatlcally described by the
connected part (¥ [V3 HTMY]ld,) and the dis-

connected part (®, [VATLOY] 1D,
—_ A 2
a,|[73(7)] |oo )

( A Uyl /\\Ly ) &

,)(0,|[TA(F)] |0 )
NV NV A LAY AR
vV

,(

), (31)

where subscript C (or D) indicates limitation to
“connected” (or “disconnected”) cluster operator
diagrams so that 2(X,,Y, Q) can also be sepa-
rated into 2 X, Y, Qc) and #(X,,Y, Qp):

v

(X1, Y, Qo)
= 3 (o] () e, B, - £,
X,y
X V(B — E)7 (o[ 73(7)] q>0>,
(32)
& (X,Y,Qp)
X, v
= ¥ X {@o|(f") Ve, XE, - E)
ST
X V, (Ey—E) " <<I>y L(rey] q>0>‘

(33)

Equations (32) and (33) cover for X, = Q four
possibilities, namely 2(Q.,Y, Qc), #(Qp, Y, Qu),
AQe,Y,Qp), and A Qp,Y,Qp). The first term
contains just linked diagram terms, while the last
term and the remaining terms 2(Qp,Y, Q) =
AQe,Y,Qp) can cover linked and/or unlinked
diagrams, which has to be investigated in each
case. For convenience, we split E(MP6),,, into three
partss ) Y=D,(2 Y=T,Q,P,and 3) Y =H,
which are discussed in the following.

DERIVATION OF E(MP6),, FROM «(X,, Y, 0)
WITH X, =S,D,T.Q;: Y=D; X, =

When Y runs over all D excitations in Eq. (32),
the first three terms in #( X;, D, Q) correspond to
connected, closed (linked) diagrams leading to the
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energy contributions E{},, Ef),, and E{}. For
X, = Q #AQ¢, D, Qc) represents a linked diagram
part which is equal to E§),. If, however, either
Eq. (32) or (33) contains a dlsconnected part such

as { [(T‘l))*]zV}
(e o) o)

[72(70Y] Jo0) (a0

D
M(QDI D, Qc) = Z <q’0
d

X (E, —Ed)_1<<1)d

then, this will lead to an unlinked diagram contri-
bution as can be seen from Eq. (35):

(af{t]5)]'7)

<I>d>(CDdl:

/W\ ﬂ (35)

This means that all possible contributions from
#AX,, D,Qp) with X, =5, D, T, Q correspond to
unlinked diagrams, which can be disregarded.
Hence, there is no contribution from #(X,, D, Qp)
to E(MP6) and, accordingly, E(MP6),, is given by

E(MP6)2s, = 2E, + 2ESho + 2ES) o + ESho-
(36)

Explicit expressions for the energy contributions of
Eq. (36) are given in Egs. (A17)~(A20) of the Ap-
pendix.

DERIVATION OF E(MP6),, FROM X, Y, 0)
WITH X, =S,D,T,0; Y=T,0,P; X, =0

In this case, the term (@, [VITOP1,®0) (y =
t, g, p) in Eq. (33) represents dlsconnected open-
diagram parts:
(I)0>:

V.V

oo,

V 0 e»

9,5

Jo)

The term 2( X, Y, Qp) contains both linked and
unlinked diagrams, where the former lead to par-
tial energy contributions E§ Q(I) Because of com-
putational considerations, 1t is advisable to eval-
uate contributions E{) () in connection with
energy terms E)rs [E(MP6)3] EQop [E(MP6),,],
and E{pr [E(MP6)4] The complementary energy
contributions ES)\ oD [ng)yQ EQy oM +
EQyo(ID] are contained in #(X,, Y, Q) of
Eq. (32), which includes for Y = T or Q just linked
diagrams. The case Y = P can be excluded since
#(X,, P, Qc) does not contribute to E(MP6). This
can be seen if one has the operator [V (f e
acting on the reference wave function |®;): It is
impossible to generate p-fold excited wave func-
tions |®,).

The term #(X,, Y, Qc) covers seven partial en-
ergy contributions, which are summarized in
E(MP$),, according to

a,|[73(7)]

SDTQ DTQ
E(MMP6)2s, = Y, ESo(D + Y ESL,(D. (40)
X X

The computation of E{,(ID) and ES),(D) can be
simplified by splitting ES}o(ID and ES),(ID in
two parts II, and I, according to Egs. (41)-(42),
and combining part II, with E{,(ID and ES),(D.

SRR
Y],
ol 7).

Y
ES)o(Da = Y <q>0
y

X (E, — Ey)_1<¢>y [V%(f;

@,), @)

")

ES) oDy = <

2
l(b >< [V Tz(l) }D (I)0> X(EO _ Ey)_l <(by _‘%(T"z(l))2 ) 0>
l V (Y=T,Q. 42)
/\ (38)
\ f E / ( ) Utilizing the factorization theorem [22], namely
\Ly (xp) '=(x+y) Wx'+y "), Eq. 43) can be
22 VOL. 59, NO. 1
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simplified to Eq. (44):
ESo(D + ES o (Da

i §[<¢o;(myv|¢,>
{7 o)
(Ey — E)" <c1)’ VHTOY) J@o) @)
= oty Ee) (V) foo). o

This is done by rewriting the bracket part of Eq.
(43) according to Egs. (45a) and (45b):
@)

<<I>0 CDt> + <c1>0 %[((ﬂ”)*)zv}
(T)'7) (F0) o) wsa)

(T®)'7

D

= (@, [7(12)]e,)

(o,
- E(oufTi) (o (7 [0

(o] [(7)7] Jo )7 |0)
(@,[7]0) (@) (7) Tle,)

x [(Ey = E) (@, |F|@,

+

Il
S agle
w M w M

+(E, - Ed)ﬂ(q)s”“q)t)]
= (@,|(T®)' (F") V], ) E, — ), (45b)

where f, and f, denote elementary singles and
doubles substitution operators (e.g., £,|®,> = |®,)
and f,|®,) = |®,)) and the following identity has
been used in Eq. (45) [23]:

(®(V1,1,),[0) = {0,/ (7} [0)
T,)c[®o). (46)

In a similar way we can derive the sum ES,(ID +
ES)o(D,:

ES) oD + ESho(IDa

- & [(mrz 7

+H,

+{e,

x(EO—Eq)’1<

Ll o) fo
@[ 73(Te)’

= (@o|(72) (70 [P3(E0Y) Joo). )

<I)0> (47a)

Since the energy denominators in Eqgs. (43) and
(47a) involve T and Q energies, respectively, their
calculation requires O(M7) and O(M°®) steps. By
rewriting (43) and (47a) according to (44) and (47b)
and eliminating the T and Q energy denomina-
tors, the cost for calculating E,(ID and Eg)QQ(II)
is reduced to O(M®). In view of this, it is advis-
able to eliminate T, Q, P, H energy denominators
in the expression for principal part & [Eq. (8)].
The total contribution of the connected part
(X, Y, Qo) [Eq. (40)] to E(MPS6) is given by

E(MP6)2 a

= [EQoUD + ES) o (IDa] + ES) oD

+[ E€LoD + E§)o(Ma] + ES)o (M

+ 2E (D + 2E®LAD + 2E£), (D
(48)

where symmetric terms are covered by a factor of
2 in the case of ES}o(ID) = ES)(D, ER (D, and
Ef)o0D). Explicit expressions for E$}o(D),,
ES)oUD, ER) oD, Ef (D), and Ef),(1D) are given
in Egs. (A23), (A30), (A26), (A32), and (A34) of the
Appendix.

DERIVATION OF E(MP6),, FROM
#(X,,Y,X,) WITH X, =0Q;' Y=H; X, =0

When setting Y = H in Eq. (19), the connected
part of & leads to the energy term ES),,, which
can be developed in the following way:

)
V- (T(”) (q>0>

3
@,).

(49)

H 11, .. 112=
#(Q,H,Q) = Z<<I>0|E[(T2(l)) ] Ve
h

X(E, — E)~ <c1>,,

(o

¢, . 2_1
2| 75 (7

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 23



HE AND CREMER

By utilizing the identity (factorization theorem)
[22]:

1 1 (1 1 1

xyz x+y+z

the connected part of #(Q, H, Q) simplifies to

E(MP6)2a3
= Egho
=@>l(wer—ﬁmf¢>
0|5 3 o/
1 113 = 1 3
A 2f 1, 3]
+ <<I>O E[(Tﬂ))*] [VET( (1))3-C CDO>
1y A l=1 4 ]
= <q)0 E L(T(l))f]2 2(1){1/5('1"(1))2 q)0>
1C C
A 1
+ <<1>0 —[(Tz(l))Tr{Vé—!(T(”)B ) c1>0>.
60

Using a series of intermediate arrays, evaluation of
the two terms of Eq. (50) requires just O(M?®)
computational steps so that the calculation of ES)g
is not very time demanding in an MP6 energy
computation.

DERIVATION OF E(MP6),, FROM (X ,, ¥, X,)
WITH X, =D,T.Q; Y=0: X, =D

After discussing Q contributions already in con-
nection with E(MP6),, and E(MP6),,, there re-
main just three Q terms resulting from
#(X,,Q, D)ywith X, =D, T,Q.

D, T,Q

Y w(X,,Q,D)

Xy

2,3

“¥ Y6 0(a(®) To,)
X (Ey — E)) " {0, |[VIP|®,)
+ §< ( m) 12\7\®q>

X(Ey — E) " (@ [VT@]@y). 5D

It is of computational advantage to combine the
first term of Eq. (51), #(D, Q, D), with
HAD,Q,Qp) of Eq. 33) (X, = D,Y = Q) using the
same approach as discussed in connection with Eq.
(47). This leads to

#(D,Q, D) +x#(D,Q,Qp)
Q s -1
= Y {@,|(7) V]e, )& - E))
q

«{(wforem,
+(of[Ta(rey] fou)

= (@, |(T@)' VIO, ), (52)
(2)

which contributes to E(MP6) (by its connected
part) the two energy terms ES), and EfS)(D:

E®)p + E€0(D
= (@,|(1) VEPTO|0,)
- (o)1) (T Jo). 6

Analogously, the combination of AT, Q, D)
[ X, =T in Eq. (51)] with AT, Q, Qp) defined by
Eq. (33) leads to

2(T,Q,D) +(T,Q,Qp)

oy (| (7)) 7)o, )Ey — E))
Jiedriied
+{e|[7a(ty] D|<1>0>]

= 2(,|(F) VIO, ) (54)

Analysis of Eq. (54) reveals that no unlinked dia-
gram terms occur in the sum &AT,Q, D) +
AT, Q, Qp), which means that Eq. (54) represents
the energy contributions 2[ E{, + Ef}o(D] [see
Eq. (A33) in the Appendix].

Combination of #(Q,Q, D) of Eq. (51) and
HA(Q, Q, Qp) of Eq. (33) leads to

M(Qr Q/ D) +M(QIQIQD)

Q . +12 .
_y <c1>0 ()] Vl<Dq>(E0 ~E,)
q

24
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x [<q>q|mz>|q>(,> + (e,

(o,

where the connected part,

o o).
C

represents the energy contributions ES), +
EShoD. An explicit expression for these energy
terms is given in Eq. (A29) of the Appendix.

The final E(MP6),, term can be written as

722y o))

PN 2 LN
(tey | vivtele,) (55)

U 3 LN
()| i

E(MP6)2s = [ EShp + ES)o(D)]

+ 2[ ERp + ER o] + [ESLo + ESLoM].  (56)

The three parts in Eq. (56) require O(M*®), O(M7),
and O(M?®) computational steps. However, sepa-
rate evaluation of Ef},, Efp, and ES), in-
volves at least O(M?®) operations because of the
presence of the () energy denominator.

Finally, the total E(MP6), contribution is ob-
tained according to

E(MP6): = E(MP6)24, + E(MP6)24,
+ E(MP6)24, + E(MP6)25. (57)

DERIVATION OF E(MP6), FROM (X, ¥, X,)
WITH X, =8,D,T.0; Y=T: X, =8
The term «#(X,, T, S) is given by

#(X,,T,S)

X, T .k
= Z 2(2 - 5X1,5)<q)ol(Tz(1)) 4
x, ¢

<I>x1>

><(EO - Exl)vlvxlt(EO - Et)7]

x{(®,[VT®|o,) (58)

with X; = 5, D, T, Q. Note that contributions from
(X, T, X,) for X, =D, T, Q have already been
covered by Egs. (19) and (29). For the purpose of
finding the linked diagram contributions of
(X, T,S), we pursue the same procedure as in
the case of Eo(ID) and ES},(ID, [Eqs. (43) and
(44)]. Adding (X, T, Qp) of Eq. 33) (Y =T) to

Eq. (58), we obtain:

(X, T,8) +/(X,, T, Qp)
X, T

—@- 3X1’5)§1 ; <¢Ol(f§1>)*17!d>xl>
X(E, —

<{(ofvretey + (o[7(E)] Jon))

(X;=5,D,T) (59

Exl)_lvxlt( E, - Et)fl

and

#(Q,T,S) +5(Q,T,Qp)

- £ (e

2——
v

Q%%—EYI

x{( @,|VTP|d,) + <<I>t [V%(:fp))z]

o))

(60)

Using Eq. (45b), Egs. (59) and (60) can be simpli-
fied to Egs. (61) and (62), respectively:

A(X,,T,S) +(X,, T,Qp)
- @2 - 5y, (0| (12) TEOTE|0,)
(i=1,2,3when X, =S5,D,T), (61)
#(Q,T,S) +4(Q,T,Qp)

~ 2— A A
- (@t (7o) | Rt

The last two terms in Eq. (61) (X, =D, T) are
linked diagram terms corresponding to 2[ E&}¢ +
ES}oD] [Eq. (A25)] and 2[Ef%)s + E{ (D] [Eq.
(A31)] while the connected parts of the first term
in Eq. (61) and the term in Eq. (62), namely

cp0>. 62)

(@,|(T2) VTOTO|@, )

(D0>c

are identical to E{s + EQ,(D and ES)g + ES) (D
given by Egs. (A21) and (A24) of the Appendix.
Hence, the energy term E(MP6); can be calculated
according to

and

U 2 LN
(@uts[(Fe)] Pt

E(MP6)s = ES + EQo(D + 2[ ES}s + ESHo (D]

+ 2[ EQs + ER o] + ES)s + ESHoD. (63)
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DERIVATION OF E(MP6), FROM «/(X,, Y, X,)
WITH X, =T,0; Y=P, X, =T, Q

Finally, we consider contributions from P exci-
tations contained in 2 X,, P, X,) of Eq. (18) for
the case that X;, X, = T, Q. #(X;, P, X,) covers
four energy terms, of which AT, P,Q) and
2#(Q, P, Q) have already been covered by Eq. (33).
When replacmg T® [(T(z))“] by T(Z) [(T(Z)]T or
H(TEH? and Q by P in Eq. (52), we get

A(T,P, T) +(T,P,Q)

=£<¢} ') 7@, XE, - E) 7
,

(o[ 7acE)T o)

= (@,|(T9) VIO TR0, ) (64)

X {<¢p|Vf§2)|<D0> +

or

#(Q,P,T) +#(Q, P, Q)
P n $12— 1
_ Z<cp0 g[(rzm) ] v}q>p>(E0 ~E,)
p

(o[ 726 foo))

¢0>. ©5)

X {<<Dp[\7f§2)|<b0> +

(o,

The connected parts of Egs. (64) and (65) give all P
contributions to E(MP6):
@y >c

~ 2—- A A
st | Rt

PUPE 3 LN
H ()] Vit

EMP6): = (&,|(79) VITP

+ <CI>0 <I>0>
o

= [E@r + EQo] + [ESh: + ES)o]-
(66)

Explicit expressions for Ef}; + E{fY, and ES), +
ES}, are given in Egs. (A36)-(A41) of the Ap-
pendix.
Adding all contributions E(MP6), (i = 1,2,3,4),
the final expression for E(MP6) is given by:
E(MP6) = E(MP6)1 + E(MP6)2 + E(MP6)3
+ E(MP6)s
= E{s + 2EQp + 2EQy + ESs
+ 2B, + 2B, + Elp + 2Ef;

6 6 6
+ EShp + 2EShr + E€ + Ef);

+ Ef}p + 2Ef}r + Efp + EfYr
+ 2ES o + 2EShy + 2E) o + EShg
+[ES)s + ESo (]
+[ EQo(D + E§ro(Da] + ESHoUDs
+[E§hs + Ero(D]
+2[ E§)s + ERoD] + 2ES: (D)
+[EShp + ESho(D]
+[ ESyoUD + E§)o (D]

+[ S + ESpoD] + EGo(De
+2[ Ef)s + EQo (] + 2EQ, (D

+2[ Ef)p + Eo(M] + 2E§,(D

+EShq + [Efr + ES)o]
+[EShr + ES)o]- (67)

Expressions for all energy components given in
Eq. (67) are summarized in the Appendix.

Conclusions

The general expression for the sixth-order MP
correlation energy, E(MP6), has been dissected in
the principal part ./ and renormalization terms %,
%, and 2. Since the renormalization terms contain
unlinked diagram contributions, which are can-
celed by corresponding terms of the principal part
&, E(MP6) is derived solely from the linked dia-
gram terms of the principal part .%. To identify the
latter, we have investigated which of the terms
#(X,,Y, X,) is associated with connected and dis-
connected cluster operator diagrams. Connected
diagrams lead to linked diagram representations
and, therefore, contributions to E(MP6). Discon-
nected diagrams, upon closing, yield both linked
and unlinked diagrams, which has to be consid-
ered in the derivation of E(MP6).

We have dissected the principal part & into
four major contributions, namely a first one with
just connected cluster operator contributions, a
second one with disconnected Q cluster operator
contributions, a third one with the corresponding
T contributions, and a fourth one with the corre-
sponding P contributions. Out of the latter three
parts, we have extracted the linked diagram terms
leading to energies E(MP6),, EMP6),, and
E(MP6),. Adding to these terms the linked dia-
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gram parts of the first term, collected in E(MP6),,
" an appropriate energy formula in terms of first-
and second-order cluster operators has been de-
rived for sixth-order MP perturbation theory,
which can be converted into two-electron integral
formulas and programmed for a computer (see
Ref. {18D).
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Appendix

In the following, we give explicit expressions
for all 36 energy contributions to E(MP6) in terms
of cluster operators.

0N i( | (T V|0 ) (E, — E) Y @,[7T®|0), (AD)

TV

S
E®y = (@,
- s

®)(E, — E) " &,|ViP|0y

(A2)
s
EQr = Y( @[ 7)) (B, — E) K @, [VEPl0yy, (A3)
D - .
EQBs = E< cbo((Tl(z)) V“Dd>(50 - Ed)_1< QdIVTfZ)lbe} ’
d
(A4)

D
ESp = L{ @o| (T V|0, (B, — E) "X @, VP20,
d

(A5)

(fl(z))fvlq)d> ( Ep - Ed)—l< (Ddea(z)lq)o) ’

(A6)

D
EQr = Z< @,
d

) (Ey - E)” @]V,

(A7)

S
Eflo = L(@|FP)'V
s

D) (Ey — E)~ @, |[VIR]d,),

(A8)

S
Efkr = X @o|(F)'7
s

D
ESho = L{ @[T V] (B, - E) T @, VTPl
d
(A9)
D PR ] a
Efbr = T 0o (B2 7]0) (E, — E) "X @, |TTR)0g),
d
(A10)
T
ESko = 1{ 00| (F2)' T (Es - E) X 0, |TIR0)
£

(A11)

(TAZ(Z))TV'(D‘>(E0 - Er)‘l< <I>,|\7’f§”|(l>0> ’

(A12)

T
ES}r = Z( @,
t

S
Bt = L{ 20|27

s

(Ds> (EO - Es)_ 1< (Dslw??)lq)o) ,

(A13)

D
Er = Y{ @|(F) V) (E, — E) (@, VEPl0y,
d

(A14)

T
Efhr = 1o{ 00| (ED)V]0) (B, — E) X | VEPley),
t

(A15)

Q
Efgr = Z <¢°I(f§2))TV|@Q>( Ey - Eq)_1< q)q|‘7f3(2)lq)o> ,
q

(A16)

ESo = zj;( | (1) V]@)) (Ey — E)!
Y [ T e

ES)o = é( B |(72) 7|0,) (B — E) !

)

q>0>, (A18)

Ef) = i( | (T 7|0, (B, -~ E) 7
d

[7aciy]

X <q>d q>0>, (A19)
[s(aory'v].

x <q>,iux7§(rf2(l>)2] .

@%%—@rl

D
o= T (v
d

@,). (A20)
EQs + EQo( = ( @[ (TR VIOT@] )

— A

= @,| @) TIPTO)Joy), (A21)
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ED + ES} (D4

= (et cden' [7acy] Joo), (a22)

et o)

X(Ey — E)" <<I>,|[\7;(T‘2<1>)2] ‘(I)O>, (A23)

)

At A A
o | @it fo, )

@)

c

@) .
c

ES}o(Ds = <

[(T D) ] VTHTOlD

Eghs + o = (0]}
= <‘1>0 %

PR S KN

= <‘I’0‘%[(T2(1)) ] T;

(ot

(A24)

ES)s + ESho(D =( @[ TIOT@|00) ., (A25)
ES)oD) = Z( | (£ V]@) (B, - E)7!

x (o[ 74 ®,), (A26)

Ehp + Efbo(D =( @, (P2 (TIIT) |o), (A27)

E§Lo(D + ES) (D

=<q>

EGop + EShoM = <‘I’o

o[y ey [Ty o). (a28)
@)
C
(| (F) (1) T3 |y
= ol i [7ray] fo)

+(2,

Oi(T(n) () TOTTD) "b0>c

PR
st ] v

' @) [7RE] o)

+<<r>o o' i) [T o),
(A29)
EQL oDy = §j<q> {l[(f“)f]zv} cI>>(E -E)!
Qoot\ib = ol 2|2 o P JAFo q
q
><<<I>q| VLT q>0>, (A30)

PN
) + 8o =( <1>0](T§2>) VT<2>T<1>|cI>0>C, (A31)

E) (D) = <<1>0|(7‘"3<2))*\7]q>,>(50 ~E)!

x (@ |[7rerey]

q>0>, (A32)

[N

Ef + Efbo® =( &3 7T 1Moy , (A33)

<<D0|(f3(2))Tl7|<Dq>(E0 ~E)7!
x <q>q|[v;(f§1>)2]c
ao T ap[viey] Jo.).

A t 2 _1 A 3
+ <<D0|%[(T{“) ] [Va(Tz(“) ]C

Fe=n

’5‘6()2Q(H) =

q>0>, (A34)

ESq = <¢>0

c1>0>, (A35)

Efr + Efhq =( 0| (B9 VEOTP|0g)

- < ¢0|(T(2))*(\7T‘(1)T(2>) ; |q)
+{ @, (PO (VEOTD) |,

= [ESr D + EfoM] + [EF, D + Ef,aD],

(A36)
where
2D + Efq() ={ @|(F2) (TFEOTP) @)
={ @, | TOWVED) Jog) . (A37)
and
(D + EF (D
={ o | (TEOTE) Jo,)  (A38)

(T‘l)) ] Vf2(1)f§2)

@)
c

WT}”’ﬂ”b @

Ehr + EiSho = (o]t

(] o)
; <¢0 L ¢0>

=[ES ;D + ES o] + [ES (D) + ES) (D]

3 (T(”)

2 — A A
[ ] @wroten,

(A39)
where
EShr(D + ESh (D
= (ot @i, fe, )
C
U S KPR

= <CI)0 %[(TZ(”) ] T{(VTP) c1>0>

C
<<1>0 [(Tz(“)] TOWVEM) <1>0> (A40)

and

.)

(A41)

ESL- (D + E§) (D) = <<I)0 %[(T}
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