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Abstract

Ž . Ž .Coupled cluster CC theory carried out with a spin-unrestricted Hartree–Fock UHF reference wave function suffers
less from spin contamination because infinite order electron correlation effects covered by the CC method in question reduce
spin contamination. For example, UHF-CCSD, contrary to UHF, is not contaminated by a Sq1 state. However, the value of

ˆ2² :S , is strongly influenced by the response of the UHF-CCSD wave function on the spin contamination present atCCSD

UHF and, therefore, adopts a relatively large value. A reliable diagnostic tool correctly reflecting the influence of spin
ˆ2² :contamination on the UHF-CCSD energy is obtained by just considering the energy related part of S . q 2000CCSD

Published by Elsevier Science B.V.

1. Introduction

Ž .Methods based on an unrestricted Hartree–Fock UHF reference wave function benefit from the fact that
Ž .UHF contrary to restricted HF RHF describes homolytic dissociation in many cases qualitatively correct. For

the H molecule one can easily show that the UHF wave function includes beside the singlet ground state2

function also a doubly excited singlet state function, which is needed for a description of the homolytic
dissociation process. However, to link both parts together in a single determinant representation, a triplet

w xfunction has to be added, which leads to the well-known spin contamination problem of UHF descriptions 1 . In
other words, when utilizing the advantages of a UHF reference one has to pay as a price that the wave function

ˆ2is no longer an eigenfunction of the spin operator S . The UHF ground state energy is contaminated by
contributions from higher spin states characterized by total spins Sq1, Sq2, etc.

Correlation corrected calculations using the UHF reference wave function show that the spin contamination
ˆ2 ˆ2² :problem reflected by the expectation value of S , S , is less serious for methods covering a large amount of
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w xdynamic electron correlation 2–7 . The rule of thumb is that the more dynamic electron correlation effects are
covered by a particular method, the less problematic spin contamination becomes. This explains for example

ˆ2² :why the value for S will generally decrease if the method is improved from UHF to unrestricted
Ž . w xMøller–Plesset perturbation theory at second order UMP2 8–10 , unrestricted MP perturbation theory at

Ž . Ž . Ž . Ž . Ž .fourth order UMP4 , which covers single S , double D , triple T , and disconnected quadruple Q
w x Ž . w xexcitations 9 , unrestricted coupled cluster theory with S and D excitations UHF-CCSD 10–12 , and to

Ž . w xunrestricted CC theory with D excitations based on Brueckner orbitals UHF-BCCD 13 as was observed by
w x Ž .various authors 2–5 . Also, density functional theory DFT based on an unrestricted Kohn–Sham approach

w x14 , which covers an unspecified, but relatively large amount of dynamic electron correlation effects provides
ˆ2² :reasonable descriptions of high-spin cases such as doublet radicals or triplet biradicals with S values close to

w xtheir ideal ones 15–17 .
ˆ2In those cases where the expectation value of S is calculated for UHF or a correlation corrected ab initio

ˆ2² :method based on UHF it was shown that S provides a valuable diagnostic tool by indicating the degree of
w xspin contamination and, by this, the quality of the energy value calculated with an unrestricted method 2–7 .

ˆ2² :We will show in this work that for UHF-CCSD, S is of limited diagnostic value for the calculated energy.
ˆ2² :For this purpose, we will analyze S by splitting it up into four contributions, each of which will beCCSD

tested for its usefulness when assessing the accuracy of the UHF-CCSD energy.
We will proceed by showing in Section 2 that under certain circumstances the UHF-CCSD energy is equal to

Ž .the spin-projected CCSD PCCSD energy and that this relationship reflects the accuracy of the UHF-CCSD
ˆ2 ˆ2² :energy. In Section 3, we will analyze S and indicate how the expectation value of S relates toCCSD

ˆ2² :properties of the energy. Finally, we will make suggestions on how to use S as a diagnostic tool in CC
theory.

2. UHF-CCSD and spin contamination

In view of the fact that highly correlated ab initio methods reduce spin contamination of the UHF
ˆ2² :wavefunction, it is reasonable to expect rather reliable energies from UHF-CC theory. In Table 1, S

expectation values calculated at the UHF, UMP2, and UHF-CCSD level of theory for radicals at their
ˆ2² :equilibrium geometry confirm this expectation. The small deviation of S from ideal values is a result ofCCSD

Table 1
² 2: aCalculation of S for some molecules at the UHF, UMP2, and UHF-CCSD level of theory .

XX3 1 2 22ˆ² : Ž . Ž . Ž . Ž .S CH B CH A CH A NH BMethod 2 1 2 1 3 2 2 1

1.0 R 1.5R 2.0 R 1.0 R 1.5R 2.0 Re e e e e e

2ˆ² :S 2.01508 0.71514 0.76129 1.06698 3.15359 0.75789 1.64140 2.54091UHF
2ˆ² :S 2.0050 0.72429 0.75321 0.98702 3.0394 0.75178 1.5221 2.4901UM P2

I2ˆ² :S 2.00064 0.64146 0.75049 0.77592 0.86121 0.75038 0.87946 1.84380CCSD
IqIII2ˆ ˆ² : Ž .S , A 1 2.00003 0.001593 0.750033 0.75211 y1.54435 0.75003 0.73293 y0.68792CCSD
IqIII2ˆ ˆ² : Ž .S , A 2 2.00002 0.004691 0.750021 0.75323 0.78115 0.75002 0.76539 0.81647CCSD
IqIII2ˆ ˆ² : Ž .S , A 3 – – – 0.75324 0.51966 – 0.76542 0.81406CCSD
IqIII2ˆ ˆ² : Ž .S , A 4 – – – – – – – –CCSD
IqIII2ˆ ˆ² : Ž .S , A 5 2.00002 0.004691 0.750021 0.75324 0.51966 0.75002 0.76542 0.81406CCSD
Total2ˆ² :S 2.00024 0.60102 0.75020 0.75610 0.75015CCSD

a Identical values are indicated by PPP . For the explanation of negative values see Appendix B. Geometry and DZP basis set were taken
w x Ž . w x Ž . w x Ž .from Ref. 24 CH , Ref. 25 CH , and Ref. 26 NH .2 3 2
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Ž .the fact that CCSD is correct in the space of all S and D excitations SD space and all energy contributions
resulting from this space should not be affected by spin contamination. The latter should show up in

Ž .contributions arising from disconnected T and Q or higher excitations, which are also covered by the CCSD
w x Ž .method 18 . This leads to some interesting properties of UHF-CCSD and spin-projected UHF-CCSD PCCSD ,

which help to describe the spin contamination problem in CC theory and, in particular, to answer the question
Ž .under which conditions UHF-CCSD results are un reliable. In the following, we will derive the theory needed

to establish some useful connections between CCSD and PCCSD.
In the CC approach, the exact wavefunction C of the Schrodinger equation is expressed in exponential¨CC

w xform 9,10 :

T̂ < :C se F , 1Ž .CC 0

ˆ ˆwhere F is the HF reference function and T the cluster operator. It is customary to expand T in terms of one-,0

two-, and many-particle operators:

ˆ ˆ ˆ ˆTsT qT q . . . qT . 2Ž .1 2 n

ˆ ˆ Ž .The cluster operators, T , T , etc., of Eq. 2 are expressed as1 2

ˆ a ˆ† ˆT s a b b , 3aŽ .Ý1 i a i
i ,a

1
ab † †ˆ ˆ ˆ ˆ ˆT s a b b b b , 3bŽ .Ý2 i j a i b j4 ij,ab

or in general

1 abc . . . † † †ˆ ˆ ˆ ˆ ˆ ˆˆ b b b b b b . . . ,T s a 3cŽ .a i b j c kÝn 2 i jk . . .n!Ž . ijk . . . ,abc . . .

Ž . Ž . Ž .where subscripts superscripts i, j,k, . . . a,b,c, . . . denote occupied virtual spin orbitals in the reference
function while indices p,q,r, . . . are used for general spin orbitals. The S and D amplitudes are given by aa

i
ab ˆ† ˆand a . The operators b and b are creation and annihilation operators, respectively.i j

ˆThe Schrodinger equation for the nonrelativistic Hamiltonian H is given by¨
ˆ ˆT Tˆ < : < :He F sE e F . 4aŽ .0 CC 0

Ž . Ž . Ž .Alternatively, Eq. 4a can be written in the form of Eq. 4b or 4c :

T̂ˆ < : < :He F sE F , 4bŽ .Ž . C 0 CC 0

T̂ < : < :He F sD E F , 4cŽ .Ž .C 0 CC 0

ˆwhere the subscript C indicates connected diagrams H refers to the normal product form of H defined by

1
† † †ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ² < < : ² < < : ² < < :HsHy F H F s b b r F s q b b b b rs ut , 5Ž .½ 5Ý Ý ½ 50 0 r s r s t u4r , s r , s , t ,u

and the energy D E is the correlation energy for the HF reference function:CC

ˆ² < < :D E sE y F H F . 6Ž .CC CC 0 0

T̂ˆŽ . Ž .One can consider the operator He of Eq. 4b as an effective Hamiltonian, which upon acting on theC
< :reference function F yields the total energy E :0 CC

T̂ˆ ˆ² < < : ² < < :E s F He F s F H F . 7Ž .Ž . CCC 0 0 0 eff 0
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ˆ ˆThe amplitudes of T in H are determined from the set of energy independent equations obtained by projectioneff

Ž . ²
ab . . .

<of Eq. 4b onto the set of excitations F ,
i j . . .

ab . . .
T̂ˆ² < < :F He F s0 . 8Ž .Ž . C 0

i j . . .

ˆ ˆ ˆ Ž . Ž .For the case that only S and D excitations are considered, i.e. TsT qT , Eqs. 7 , 8 lead to the CCSD1 2

equations:

ˆ ˆT qT1 2ˆ² < < :E s F He F 9Ž .Ž .CCSD 0 0C

and

ˆ ˆa T qT1 2ˆ² < < :F He F s0 , 10aŽ .Ž .i 0C

ˆ ˆab T qT1 2ˆ² < < :F He F s0 . 10bŽ .Ž .i j 0C

ˆ2The expectation value of the spin operator S is given by

ˆ2² < < :C S CCC CC2ˆ² :S s 11Ž .² < :C CCC CC

which is generally not used in CC calculations because of the exponential form of the CC wave function CCC
ˆ2 ˆŽ w x. w xsee e.g. the discussion in Ref. 2 . Alternatively, one can add a perturbation lS to the Hamiltonian H 3 ,

ˆ ˆ2HH l sHqlS , 12Ž . Ž .
ˆ2² : Ž .and evaluate S as a response to an external perturbation l at ls0 ,

d E lŽ .
2ˆ² :S s . 13Ž .

dl ls0

Ž .Then, the corresponding CCSD energy is obtained from 14 ,

ˆ ˆŽ .T l qT1 2 < : < :Ž .HH l e l F sE l F , 14aŽ . Ž . Ž .Ž . 0 CC 0C

ˆ ˆT Žl.qT Žl.1 2² < < :E l s F HH l e F , 14bŽ . Ž . Ž .Ž .CCSD 0 0C

Ž .or in another form when including unlinked diagrams ,

ˆ ˆ ˆ ˆT Žl.qT Žl. T Žl.qT Žl.1 2 1 2² < < : ² < < :F HH l e F sE l F e F , 15Ž . Ž . Ž .X 0 CCSD X 0

with XsS, D, F sF a, and F sF ab.S i D i j

When the reference function F for an open-shell system is chosen to be an UHF wave function, spin0

contamination should be eliminated from the CC wave function C with the help of an appropriate spinCC
ˆ w xprojection operator P 19 :

ˆ2S yk kq1Ž .
P̂s , 16Ž .Ł

s sq1 yk kq1Ž . Ž .k/s

ˆ ˆT Tˆ < : < :i.e. the spin-projected function C sPe F rather than C se F should be used in the CCPCC 0 CC 0

calculation. Mostly, it is easier to eliminate just the dominant spin contamination with the annihilation operator
ˆ ˆA where an annihilation operator A is generally defined bysq1 sqi
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ˆ2S y sq iq1 sq iŽ . Ž .
Â s 17aŽ .sq i 2ˆ² :S y sq iq1 sq iŽ . Ž .0

with

ˆ2 ˆ2 ˆ2² : ² < < : ² :S s F S F s S 17bŽ .0 HF0 0

being the HF reference value.
For the singly annihilated CCSD energy, EŽSq1. , one obtainsAPCCSD

ˆ ˆT Žl.qT Žl.1 2ˆ² < < :F A HH l e FŽ .0 sq1 0ŽSq1.E l s 18aŽ . Ž .APCCSD ˆ ˆT Žl.qT Žl.1 2ˆ² < < :F A e F0 sq1 0

S, D
ˆ ˆ ˆ ˆT Žl.qT Žl. T Žl.qT Žl.1 2 1 2ˆ ˆ² < < : ² < < : ² < < : ² < < :F A F F HH l e F q F A F F HH l e FŽ . Ž .Ý0 sq1 0 0 0 0 sq1 X X 0

Xs
ˆ ˆT Žl.qT Žl.1 2ˆ² < < :F A e F0 sq1 0

18bŽ .
S, D

ˆ ˆŽ .T l qT1 2ˆ ˆ² < < : ² < < : ² < < :Ž .E l F A F q F A F F e l FŽ . ÝCCSD 0 sq1 0 0 sq1 X X 0
Xs 19Ž .ˆ ˆT Žl.qT Žl.1 2ˆ² < < :F A e F0 sq1 0

< :0 ,S , D
ˆ ˆT Žl.qT Žl.1 2ˆ² < < : ² < < :E l F A F F e FŽ . ÝCCSD 0 sq1 X X 0

Xs 20Ž .ˆ ˆT Žl.qT Žl.1 2ˆ² < < :F A e F0 sq1 0

sE l , 21Ž . Ž .CCSD

Ž . Ž . Ž .where we have used Eqs. 14 , 15 in Eq. 19 .
ˆ ˆS, D ˆ� 4 Ž .For the special projection operator, P s P , A of Eq. 16 , we obtainS S sq1

ˆ ˆŽS , D. T Žl.qT Žl.1 2ˆ² < < :F P HH l e FŽ .0 S 0ŽS , D.E l s 22Ž . Ž .PCCSD ˆ ˆŽS , D. T Žl.qT Žl.1 2ˆ² < < :F P e F0 S 0

sE l 23Ž . Ž .CCSD

ˆŽS, D.in which P is defined byS

< :0 ,S , D
ŽS , D.ˆ ˆ < : ² <P s P F F . 24Ž .ÝS S q q

q

Ž .Therefore, one can draw the conclusion that in general Eq. 25 holds:

E l sEŽSq1. l sEŽS , D. l , 25Ž . Ž . Ž . Ž .CCSD APCCSD PCCSD

ˆŽ . Ž .where the superscript S, D indicates that the operator P acts only in the SD space. Relationship 25 , whichS
w xwas first derived by Schlegel 3 , reveals that in two situations the UHF-CCSD and PCCSD energy will be

ˆ. .identical, namely if a just the spin annihilation operator A is applied or b the use of the total projectionsq1

operator is limited to the SD space. This is a consequence of the fact that there is no Sq1 spin contamination
at the UHF-CCSD level, e.g. in the UHF-CCSD description of the homolytic dissociation reaction of a single
bond the triplet contamination is suppressed. This can be understood when considering how the triplet
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contamination is reduced stepwise in the CCSD iterations. In the first steps of the CCSD iteration, low order MP
w xcorrelation effects are included 18 , which reduce the triplet contamination as is known for the MP2 or MP4

w xlevel of theory 2–7 . With an increasing number of iteration steps higher order correlation effects are
introduced, which lead to further reduction of the triplet contamination until it completely vanishes in the

Ž .converged CCSD amplitudes and energy. At this point all sizeable infinite order effects in the SD space are
included, i.e. the CCSD energy has an FCI quality in the SD space. Remaining spin contaminations are
associated with T , Q, etc. excitations, which will only be large if Sq2, etc. contaminants play a role.

The quality of the UHF-CCSD energy is a direct result of the total suppression of the Sq1 contaminant and
ˆ2² :one should expect that this quality is directly reflected by the value of S .CCSD

ˆ2² :3. Properties of S at the UHF-CCSD level of theory

ˆ2Ž . ² :In Fig. 1 see also Table 2 , the expectation value S is shown as a function of the homolytic dissociation
Ž w x.parameter R in the case of the FH molecule for different ab initio methods 6-31G basis, see Ref. 2 . The FH

w xmolecule was chosen since it had already been studied before by Chen and Schlegel 2 and results of this work
ˆ2² :can be used. While these authors calculated S in an approximate way extending a procedure firstCCSD

ˆ2 ˆ2w x Ž . ² :suggested by Purvis et al. 5 PSB , we calculated the correct S according to Stanton, who evaluated SCCSD

w xas a generalized CC expectation value 20 . All calculations were performed with the ab initio programs
w x w xCOLOGNE99 21 and ACES II 22 using a local version of the latter to apply Stanton’s method.

ˆ2 ˚² : Ž .Compared to S , which steeply increases after the RHFrUHF RrU instability at 1.27 A to the limitUHF
ˆ2² :value of 1 for large R, the S value increases only slowly indicating that spin contamination up toCCSD

˚Rs1.8 A is negligible. However, in the region, in which the recoupling of the FH bonding electrons from a
˚ ˆ2Ž . ² :closed shell singlet to an open-shell singlet electron pair takes place 1.8 FRF3 A , S increases to aCCSD

ˆ2² : Ž .Fig. 1. Changes in S calculated at different levels of theory for the stretching of the F–H bond basis set: 6-31G . For an explanation of
terms I, II, III, IV, see text.
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Table 2
ˆ2 a² :Changes in S calculated at different levels of theory for the stretching of the F–H bond .

˚Ž . w xr F–H A UHF PUHF UMP2 UMP4 CCSD

Â Term I Term II Term III Term IV I q III II q IV TotalSq 1

0.917 0 0 0 0 0 0 0 0 0 0 0
1.276 0.0138 0 0 0 0 0 0 0 0 0 0
1.400 0.3849 0.0007 0.3282 0.1280 0.0112 y0.0110 y0.0117 0.0117 y0.0005 0.0007 0.0002
1.600 0.7098 0.0020 0.6575 0.4807 0.0573 y0.0539 y0.0666 0.0666 y0.0093 0.0127 0.0034
1.800 0.8592 0.0033 0.8264 0.7219 0.1687 y0.1452 y0.2273 0.2273 y0.0586 0.0821 0.0235
2.000 0.9307 0.0036 0.9122 0.8560 0.3670 y0.2519 y0.5050 0.5050 y0.1380 0.2531 0.1151
2.100 0.9513 0.0032 0.9376 0.5970 0.4872 y0.2694 y0.6563 0.6563 y0.1691 0.3869 0.2178
2.200 0.9659 0.0027 0.9557 0.9265 0.6045 y0.2556 y0.7814 0.7814 y0.1769 0.5258 0.3489
2.400 0.9835 0.0017 0.9778 0.9628 0.7880 y0.1687 y0.9240 0.9240 y0.1360 0.7553 0.6193
2.600 0.9923 0.0009 0.9890 0.9813 0.8938 y0.0897 y0.9742 0.9742 y0.0804 0.8845 0.8041
2.800 0.9967 0.0004 0.9947 0.9907 0.9481 y0.0442 y0.9901 0.9901 y0.0420 0.9459 0.9039
3.000 0.9989 0.0002 0.9975 0.9954 0.9751 y0.0213 y0.9956 0.9956 y0.0205 0.9743 0.9538
3.200 1.0000 0.0001 0.9989 0.9977 0.9883 y0.0128 y0.9977 0.9977 y0.0094 0.9849 0.9755
3.400 1.0005 0 0.9996 0.0088 0.9947 y0.0097 y0.9986 0.9986 y0.0039 0.9889 0.9850

a For the explanation of terms I, II, III, and IV, see text.

value somewhat smaller than 1, which could be interpreted in such a way that the UHF-CCSD wave function
Ž .still suffers from a triplet contamination. This seems to be in contradiction to Eq. 25 and, therefore, the value

ˆ2 ˆ2 w xof S has to be analyzed in detail. We will do this by evaluating S as a response property 2 according to Eqs.
Ž . Ž . Ž . Ž .12 , 13 , however using the spin-projected CCSD wave function 26 and energy 27 rather than the

Ž .corresponding UHF-CCSD quantities thus exploiting relationship 25 .

ˆ ˆT qT1 2ˆ < :C sA e F , 26Ž .APCCSD sq1 0

ˆ ˆT qT1 2ˆ ˆ² < < :F A He FŽ .0 sq1 0C
E s . 27Ž .APCCSD ˆ² < < :F A F0 sq1 0

ˆ2Ž Ž . w x . ² :For the simplification of the denominator on the right side of Eq. 18a , see Ref. 23 . Hence, S canAPCCSD

be written as:

ˆ ˆ ˆ ˆŽ . Ž . Ž .l y T l qT l T l qTŽ .1 2 1 2ˆ ˆ² < < :Ž .d E d F A e H l e l FŽ .PCCSD 0 sq1 02ˆ² :S s s 28aŽ .APCCSD ˆž /dl dl ² < < :F A Fls0 0 sq1 0 ls0

ˆ ˆ ˆ ˆl l yŽT qT . T qT ˆ ˆ ˆ ˆyŽT qT . l T qT1 2 1 2ˆ ˆ ˆ ˆ 1 2 1 2² < < : ˆ ˆF A y T qT e He F ² < < :F A e H e Fž /ž /0 sq1 1 2 0 0 sq1 0
s q

ˆ ˆ² < < : ² < < :F A F F A F0 sq1 0 0 sq1 0

ˆ ˆ ˆ ˆyŽT qT . T qT l l1 2 1 2ˆ ˆ ˆ ˆ² < < :F A e He T qT Fž /0 sq1 1 2 0
q . 28bŽ .ˆ² < < :F A F0 sq1 0

Using the fact that

ˆ ˆ ˆyT T Tˆ ˆe He s He 29Ž .Ž . C
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Ž .one obtains Eq. 30

ˆ ˆl T qT1 2ˆ ˆ² < < :F A H e FŽ .0 sq1 0C2ˆ² :S sAPCCSD ˆ² < < :F A F0 sq1 0

ˆ ˆ ˆ ˆl l T qT T qT l l1 2 1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ² < < :F A y T qT He q He T qT FŽ . Ž .ž / ž /ž /0 sq1 1 2 1 2 0C C
q 30Ž .ˆ² < < :F A F0 sq1 0

ˆ ˆT qT l lˆ ˆ 1 2l T qT ˆ ˆ ˆ ˆ² < < :1 2 F A He , T qT Fˆ ˆ² < < : Ž .F A H e F ž /Ž . 0 sq1 1 2 0C0 sq1 0C
s q . 31Ž .ˆ ˆ² < < : ² < < :F A F F A F0 sq1 0 0 sq1 0

ˆl ˆ2 ˆ 0, S, D , . . . ˆ< :² <Considering that H sS , and inserting the identity IsÝ F F after operator A , the value ofX X X sq1
ˆ2 ˆ2² : ² : Ž Ž ..S s S see Eq. 25 can be expressed as a response property composed of the four terms I,APCCSD CCSD

II, III, and IV:

ˆ ˆ2 2 T qT1 2ˆ ˆ² : ² < < :S s F S e F 32a, IŽ .Ž .APCCSD 0 0c

ˆ ˆT qT l l1 2ˆ ˆ ˆ² < < :q F He , T qT F 32b, IIŽ .Ž . ž /0 1 2 0c

S, D
ˆ ˆ2 T qT1 2ˆ ˆ² < < :² < < :F A F F S e FŽ .Ý 0 sq1 X X 0c

Xq 32c, IIIŽ .ˆ² < < :F A F0 sq1 0

S, D
ˆ ˆT qT l l1 2ˆ ˆ ˆ ˆ² < < :² < < :F A F F He , T qT FŽ .Ý ž /0 sq1 X X 1 2 0c

Xq . 32d, IVŽ .ˆ² < < :F A F0 sq1 0

Ž . Ž .Terms II and IV in Eqs. 32b , 32d arise from the fact that the CCSD wave function does not fulfill the
ˆ2Hellmann–Feynman theorem, i.e. the perturbation lS changes the cluster amplitudes:

ˆ ˆ ˆlT l sT qlT for is1,2 , 33Ž . Ž .i i i

ˆlwhere T denotes the cluster amplitude derivative with regard to the perturbation parameter l.
ˆ2² : Ž .The value of S given in Eqs. 32 is numerically equivalent to the generalized expectation valueCCSD

w x Ž .derived by Stanton 20 for UHF-CCSD wave functions. The advantage of Eqs. 32 is that it decomposes
ˆ2² : Ž . ŽS into four terms, two of which result from the form of the energy operator 12 CCSD energy relatedCCSD

. Ž .terms I and III and two of which are related to the CCSD wave function terms II and IV because they reflect
the response of the wave function on the perturbation caused by spin contamination. One could also speak of
Hellmann–Feynman terms I and III and response terms II and IV.

w xTerm I corresponds to the transition expectation value suggested by PSB 5 and can be expressed as

ˆ ˆ ˆ ˆ2 T qT 2 2 T qT1 2 1 2ˆ ˆ ˆ² < < : ² < < : ² < < :� 4F S e F s F S F q F S e F 34aŽ .Ž . Ž .0 0 0 0 0 0c c

ˆ2 ˆ2 ˆ2² : ² < < : ² < < :s S q F S F q F S F . 34bŽ .0 0 S 0 D

ˆ2² : Ž .The relatively large S value is reduced by the second and the third term of Eq. 34b , which for the FHUHF

w xdissociation are always negative and reflect corrections introduced by the S and D cluster amplitudes 2 . As
ˆ2² :shown in Fig. 1, term I is somewhat larger than the correct value of S for all R, but otherwise describesCCSD

Ž .the behavior of the latter for increasing R surprisingly well. The difference UHF y I Fig. 1 becomes
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˚ Ž .relatively large beyond the RrU instability at 1.27 A where the D-term in 34b represents the dominant
correction.

Actually, the large value of term I contradicts the fact that the CCSD energy does not suffer from a Sq1
contamination. However, term I has to be seen in connection with term III, which was directly calculated in this

ˆ ˆ2 T qT1 2ˆ² <Ž . < : Ž . Ž .work. For this purpose, the matrix elements F S e F XsS, D of Eqs. 32 are written in aX C 0
ˆ2 Ž .computable form using the normal order form of the spin operator S see Appendix A . The computational cost

Ž . Ž . Ž 6.for evaluating terms 32a and 32c is O M where M denotes the number of basis functions.
Ž .Term III Fig. 1, Table 2 is comparable in absolute magnitude with term I but has opposite sign. Using the

ˆ ˆŽ . ² < < :definition 17 for the annihilation operator A one can easily show that the matrix element F A Fsq1 0 sq1 X

must always be positive while the denominator of term III is either 1 or close to 1. Hence, the sign of term III is
ˆ ˆ2 T qT1 2ˆ² <Ž . < :determined by the value of the matrix elements F S e F , which complement the corrections ofX C 0

ˆ2² : Ž .S introduced by CC theory see term I in the SD space.UHF

Ž .The sum of I q III is always negative, but otherwise relatively small Fig. 1 and shows a typical
˚Ž .dependence on the parameter R FH . In the region 1.6 -R- 3 A, term Iq III significantly deviates from 0

˚possessing a minimum at 2.2 A. This is exactly the region, in which the UHF-CCSD energy deviates from the
˚ Ž w x.corresponding FCI energy where the deviation is largest at 2.2 A see, e.g. Ref. 2 . Hence, the energy related

ˆ2 ˆ2² : Ž . ² :part of S sum of terms I and III has the diagnostic value, which normally is associated with SCCSD CCSD

itself. It shows that the influence of spin contamination on the UHF-CCSD energy is generally small but
Ž .becomes largest in the region in which the spin recoupling process closed-shell singlet ™ open-shell singlet

takes place.
ˆ2² :It remains to clarify why the value of S is much larger and no longer so much of a diagnostic valueCCSD

Ž .for the UHF-CCSD energy. For this purpose, we first derive term IV. The derivative of Eq. 14a with respect to
Ž .l is given by Eq. 35 :

ˆ ˆ ˆ ˆT qT l l l T qT l1 2 1 2ˆ ˆ ˆ ˆ < : < :He , T qT q H e F sE F . 35Ž .Ž . Ž .ž /½ 51 2 0 CC 0C C

² < Ž .Projection from the left by F with X/0 leads toX

ˆ ˆ ˆ ˆl T qT T qT l l1 2 1 2ˆ ˆ ˆ ˆ² < < : ² < < :F H e F q F He , T qT F s0 . 36Ž .Ž . Ž . ž /X 0 X 1 2 0C C

ˆl ˆ2 Ž .If the perturbation H sS , then from Eq. 36 one can show that terms III and IV cancel each other which
ˆ ˆŽS, D. ˆ� 4holds both for the UHF-CCSD and the projected UHF-CCSD wave function provided P s P , A isS S sq1

used. Once term III is calculated, IV is also known.
ˆ2² : w xTerm II was determined by subtracting from S evaluated according to Stanton 20 the sum I q IIICCSD

Ž .q IV s I. While term II is rather small and of comparable magnitude to the sum I qIII Fig. 1 , the wave
ˆ2² :function related terms II qIV are clearly responsible for the value of S and its dependence on theCCSD

ˆ2Ž .distance R FH . The relatively large values of S are a result of the response of the UHF-CCSD wave function
ˆ2² :on the spin contamination introduced by the UHF wave function. Hence, S still possesses a diagnosticCCSD

value, however for the homolytic dissociation reaction this is predominantly, with regard to the strong response
of the wave function, as a result of large spin contamination. For example, the UHF wave function has 50%
triplet character for large R, which requires a major change in the UHF-CCSD wave function brought about by

ˆ2² :the S and D amplitudes and reflected by a S value close to 1.CCSD

ˆ24. S as a diagnostic in UHF-CC theory

ˆ2 3 2 XX² : Ž . Ž .In Table 1, the S values of the triplet biradical CH B and the doublet radicals CH A and2 1 3 2
Ž2 . w xNH B calculated at their equilibrium geometries with a VDZP basis set are listed 24–26 . As an example2 1

ˆ2 1² : Ž .for a closed shell singlet molecule with large contamination at the UHF level, the S value of CH A is2 1
Ž2 XX . Ž2 . Žalso given. Finally, the doublet radicals CH A and NH B with stretched geometries 1.5 r and 2 r : all3 2 2 1 e e
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.AH bonds are stretched to 1.5 and 2 times the equilibrium value are included because breaking of two or three
single bonds at the same time can lead to significant spin contamination.

ˆ2 I ˆ2 IqIII ˆ2² : ² : ² :For the radicals at equilibrium geometries, both the S , the S and the true S value areCCSD CCSD CCSD

close to the ideal values of 2 or 0.75 where the energy related value is clearly the closest indicating that the
Sq1 state was the major contaminant at UHF, which is deleted at UHF-CSSD. There is some small influence

ˆ2 Total ˆ2 IqIII² : ² :from the response of the wave function reflected by the fact that S is slightly larger than SCCSD CCSD

Ž .Table 1 .
1 ˆ2Ž . ² :The UHF closed shell singlet state CH A possesses a large triplet contaminant as reflected by a S UHF2 1

ˆ2 I ˆ2Ž . ² : ² :value of 0.71 Table 1 . At the UHF-CCSD level, S is 0.64 and, by this, close to the true SCCSD CCSD

value of 0.60. However, this does not imply that the corresponding energy is unreliable since the large
ˆ2 ˆ2² :S is dominated by the strong response of the UHF-CCSD wave function on the perturbation lS . TheCCSD

ˆ2 IqIII² :energy related part S is 0.004 thus indicating that the UHF-CCSD energy does not suffer from a seriousCCSD

spin contamination problem. This is confirmed by a S-T splitting of 12.3 kcalrmol calculated at UHF-
w xCCSDrVDZP for CH , which is close to the corresponding FCI value of 12.0 kcalrmol 24 .2

ˆ2² : Ž .For the stretched geometries, S values are between 1 and 3.1 Table 1 indicating contamination byUHF

Ž . Ž .the Sq1 and the Sq2 Sq3 contaminant typical of a simultaneous breaking of two three AH single bonds.
ˆ2At UMP2, the large values for S are only slightly reduced while stronger reduction is indicated by the

ˆ2 IqIII² : Ž .corresponding UHF-CCSD values. The energy related term S takes values at 0.75, y1.54 CH , 0.73,CCSD 3
Ž .and y0.69 NH , Table 1 indicating that the Sq2 contaminant is not excluded at the UHF-CCSD level. As2

ˆ2 ˆ ˆshown in Appendix B, negative S values are a result of the action of the cluster operators T and T , which is1 2

equivalent to projecting out the Sq1 contaminant.
We tested whether higher contaminants can be projected out with the help of an approximate projection

operator constructed from the annihilation operators,
m

ˆ ˆA m s A , 37Ž . Ž .Ł sq i
is1

Ž .so that Eqs. 32 takes the form:

S, D
ˆ ˆ2 T qT1 2ˆ ˆ² < < : ² < < :F A m F F S e FŽ . Ž .Ý 0 y y 0C

yˆ ˆIqIII ŽS , D.2 2 2 T qT1 2ˆ ˆ ˆ² : ² : ² < < :S s S s F S e F q , 38Ž .Ž .CCSD APCCSD 0 0C ˆ² < < :F A m FŽ .0 0

where index m is stepwise increased from 1 to 5.
ˆ ˆ2 IqIIIŽ . ² :The data in Table 1 reveal that the largest effect is obtained by applying A 2 after which S noCCSD

longer changes suggesting some Sq2 contamination as one should expect for simultaneous breaking of two
ˆ ˆ2 IqIIIŽ . Ž . ² :three AH bonds. However, for CH at 2 R application of A 3 is needed to get a constant S valueCCSD3 e

Ž .Table 1 , which confirms that for the breaking of three AH bonds even the Sq3 contaminant plays a role.
Some interesting conclusions result from these calculations.
Ž .1 UHF-CCSD is well-suited to correctly describing single bond breaking because it is free of the Sq1

Ž .contaminant typical of and problematic for UHF, UMPn nF4 , and all UHF-based correlation corrected ab
initio methods without infinite order effects.

ˆ2 IqIIIŽ . ² :2 The quality of the UHF-CCSD energy is reflected by the energy related term S , which correctlyCCSD

Ž . Ž .indicates that region of bond breaking suffering most recoupling region and least small R and large R from
ˆ2 IqIII ˆ2 Total² : ² :spin contamination. Hence, S rather than S should be used as a diagnostic tool for the accuracyCCSD CCSD

of the UHF-CCSD energy.
Ž .3 The response of the UHF-CCSD wave function will be large if the UHF wave function has a large spin

ˆ2 IIqIV ˆ2 Total² : ² :contamination. This is reflected by the wave function related term S , which dominates the SCCSD CCSD
ˆ2 Total² :value. Hence, a large S value as for example for large distances R in the case of the homolyticCCSD
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dissociation of a single bond is simply the reflection of the fact that the UHF-CCSD wave function does not
fulfill the Hellmann–Feynman theorem.

ˆ2 IqIIIŽ . ² :4 The energy related term S reveals that the UHF-CCSD energy will be of less accuracy if two orCCSD

more bonds are are broken and Sq2, Sq3, etc. contaminants are included into the wave function. The latter
Ž̂ .can be projected out by the approximate projection operator A m , which helps to identify the most serious spin

contaminations.
Since UHF-CCSD theory, contrary to UHF theory, does not suffer from the Sq1 contaminant, this level of

w xtheory should be appropriate for describing singlet biradicals such as p-benzyne 27 . However, if spin
Ž Ž2 XX . Ž2 .contaminants Sq2, Sq3, etc. become important at the UHF-CCSD level of theory CH A or NH B3 2 2 1

.at 2 R , see Table 1 , then the use of spin projection methods will be advisable. Alternatively, CCSDT or BCCDe

can be employed since these methods will also reduce the Sq2 contaminant. Work is in progress to investigate
w xthe performance of PCCSD methods on the one hand and CCSDT on the other hand 23 .
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Appendix A

ˆ ˆ2 T qT1 2ˆ² <Ž . < : Ž .In the following, we give explicit expressions for the matrix elements F S e F ysS, D ofy C 0
Ž .Eq. 32c .

ˆ ˆa 2 T qT i b a c j ab b a1 2ˆ ˜ ˜² < < :F S e F syS q S S a y S S a y S S a y S a ya aŽ . Ž .Ý Ý Ý Ýi 0 a ac bc i jc ic j ac i k k b i j i jC
jbb ,c i ,c k ,c

k ac bc b c ac a c˜y S a y S S a qa a q S S a qa a , A.1Ž .Ž .Ý Ý ÝŽ .c i k ac bk i k i k jc i k jk j k

k ,c k ,bc jk ,c

P Pˆ ˆab 2 T qT ad ab1 2ˆ² < < :F S e F s y1 P arb S S a y y1 P irj S S aŽ . Ž . Ž . Ž .Ž . Ý Ý Ý Ýi j 0 bc dc i j k c jc i kC
P cd P k ,c

P Pad l ad b˜<y y1 P irj arb S S a q S y1 P arb a aŽ . Ž . Ž .Ž .Ý Ý Ý Ýb d jl i l d i j lž
P l ,d Pl ,d

P Pab d ac dq y1 P irj a a y y1 P arb S S a aŽ . Ž . Ž . Ž .Ý Ý Ýi l j b d cl i j l/ ž
P Pl ,cd

XP PX ad c ab dq y1 P irj a a q y1 P irj S S a aŽ . Ž . Ž . Ž .Ý Ý Ýi l j k d jl i k l/ ž
XP Pkl ,d

XP X ad bq y1 P arb a aŽ . Ž .Ý i l k /
XP

P ab ad c dq S S y1 P irj a a qa aŽ . Ž .Ý Ý ž /k d lc i k jl j l
Pkl ,cd
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P ac b d b dq y1 P arb a a qa aŽ . Ž .Ý Ž .i j k l k l
P

P ac c a b d<y y1 P irj arb a ya a a , A.2Ž . Ž .Ž . Ž .Ý i k i k jl
P

ˆ ˆab 2 T qT c a c b1 2ˆ² < < :F S e F syS S y S S a q S S a y S S a q S S aŽ . Ý Ý Ý Ýi j 0 i b a j a j cb i k j i b k ac ib j a j i k kC
c ck k

ac c a b d d b cby S S a ya a y S S a ya a q S S aŽ .Ý Ý Ýk j cb i k i k ad i l jl j l ad cd i jž /
k ,c c ,dl ,d

ab ac ab ac c dy S S a y S S a q S S a y S S a qa aÝ Ý Ý Ý ž /k d id k j k c k b i j k j k l i l ad cb i j i j
k ,ck ,d k , l c ,d

ab a b cb c b ad a dy S S a qa a q S S a qa a q S S a qa aÝ Ý ÝŽ . Ž . ž /k j i l k l k l a j lc i l i l k d ib k j k j

k , l l ,c k ,d

k cb a ab c l ab d ad b˜ ˜q S a a qa a q S a a qa aÝ Ýž /c i j k k j i d i l j i j lž /
k ,c l ,d

ad c d ac c a ad c cd ay S S a a qa a ya a ya a ya aŽ .Ý k d cb i j k j i k i k k j i i j k

k ,cd

ab c b ac c a cb a ab cq S S a a qa a ya a ya a ya aŽ .Ý k j cl i l k l i k i k i l k k l i

kl ,c

b d d b c cb d cb d cd by S S a ya a a qa a ya a ya aÝ ad cl jl j l i i j l i l j i j lž /
l ,cd

b d d b a ab d ad b ab dq S S a ya a a qa a ya a ya aÝ k d i l jl j l k k j l k j l k l jž /
kl ,c

ac c a b d d b ad cb ad cb c by S S a ya a a ya a qa a ya a qa aŽ .Ý Ž .k d cl i k i k jl j l i l k j i j k l k lž /
kl ,cd

ab cd c d cb ad a d ab cd c dya a qa a ya a qa a ya a qa aŽ . Ž .ž /i l k j k j i j k l k l k j i l i l

cd c d ab a b ad a dq a qa a a qa a q a qa aŽ .ž / ž /i j i j k l k l k j k j

= cb c b c d a ba qa a y2 a a a a . A.3Ž .Ž .i l i l i j k l

Ž .P Ž .A bar indicates a b spin orbital. The symbol Ý y1 P arb denotes summation over the identityP
i k˜ ˜permutation and the permutation interchanging labels a and b. The quantities S and S are defined bya c

iS̃ s S S , A.4Ž .Ýa al i l

l

kS̃ s S S , A.5Ž .Ýc jc jk
j

with S beingp q

ˆS s f S f dt . A.6Ž .Hp q p q q
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Appendix B

ˆ2 ˆ² : Ž .In the following, it is shown why S may become negative after applying the annihilation operator A 1 .
< : < : < :The UHF-CCSD wavefunction C can be expanded as a linear combination of f , where functions fi i

ˆ2are eigenfunctions of S :

< : < : < : < : < :C sC f qC f qC f q . . . qC f , B.1Ž .0 0 1 1 2 2 n n

ˆ2 < : < :S f sS S q1 f , B.2Ž . Ž .0 0 0 0

ˆ2 < : < :S f s S q1 S q2 f , B.3Ž . Ž . Ž .1 0 0 1

ˆ2 < : < :S f s S q2 S q3 f , B.4Ž . Ž . Ž .2 0 0 2

. . . .
ˆ2² :Before spin annihilation, S is always non-negative:

ˆ2 ˆ2² : ² < < :S s C S C B.5Ž .
2 ˆ2 2 ˆ2 2 ˆ2 2 ˆ2² < < : ² < < : ² < < : ² < < :sC f S f qC f S f qC f S f q . . . qC f S f B.6Ž .0 0 0 1 1 1 2 2 2 n n n

sC 2S S q1 qC 2 S q1 S q2 qC 2 S q2 S q3 q . . . . B.7Ž . Ž . Ž . Ž . Ž . Ž .0 0 0 1 0 0 2 0 0

If one inserts the annihilation operator,

ˆ2S y S q1 S q2Ž . Ž .0 0
Â s , B.8Ž .sq1 S S q1 y S q1 S q2Ž . Ž . Ž .0 0 0 0

Ž .into Eq. B.5 one obtains

ˆ2 A sq 1 ˆ2 ˆ ˆ2² : ² < < : ² < < :S s C S A C s C S C . B.9Ž .sq1 A sq 1

ˆOperator A may change not only the value but also the sign of coefficients C , C , . . . , C :sq1 2 3 n

ˆ ˆ ˆ ˆ< : < : < : < :A C sC A f qC A f qC A f q . . .sq1 0 sq1 0 1 sq1 1 2 sq1 2

S q2 S q3 y S q1 S q2Ž . Ž . Ž . Ž .0 0 0 0
< : < :sC f qC f0 0 2 2S S q1 y S q1 S q2Ž . Ž . Ž .0 0 0 0

S q3 S q4 y S q1 S q2Ž . Ž . Ž . Ž .0 0 0 0
< :qC f q . . . B.10Ž .3 3S S q1 y S q1 S q2Ž . Ž . Ž .0 0 0 0

S q2 2S q50 0
< : < : < :sC f yC f yC C f y . . . . B.11Ž .0 0 2 2 3 2 3S q1 S q10 0

Ž . Ž . Ž .By substituting Eq. B.11 into B.9 , Eq. B.12 results:

S q20A2 2 2 2sq 1ˆ ˆ ˆ² : ² < < :S s C S A C sC S S q1 yC S q1 S q2Ž . Ž . Ž .sq1 0 0 0 2 0 0S q10

2S q502yC S q2 S q3 y . . . . B.12Ž . Ž . Ž .3 0 0S q10

ˆ2 ˆŽ . Ž . ² :Comparison of Eqs. B.12 , B.7 reveals that the value of S after application of A may become negativesq1
ˆin the case of S s0 or relatively large coefficients C and C . Application of A projects out the Sq10 2 3 sq1

< :contamination from f but can also amplify higher spin contaminants.1
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