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We introduce a Wannier-type formulation of periodic local vibrational mode theory that yields
real-space-localized vibrational modes associated with individual internal coordinates in crystalline
solids. These modes are constructed as locally coherent superpositions of wavevector-resolved lo-
cal modes, yielding a smooth and gauge-consistent real-space representation without the need for
additional phase-fixing procedures. The resulting Wannier-type local modes provide well-defined
force constants and frequencies that enable robust, chemically interpretable measures of bond and
interaction strengths in periodic systems. Moreover, our framework demonstrates that phonon dis-
persion behavior makes important contributions to the bond and interaction strengths calculated
via local vibrational mode theory. We demonstrate the method for representative ionic and covalent
systems, including MgO, tetrahedrally-coordinated C, Si, SiC, and two polymorphs of CaCO3. Our
framework establishes a direct analog of molecular local modes for fully periodic systems and opens
new avenues for quantitative bonding analysis in crystalline materials.

I. INTRODUCTION

Solid state materials underpin much of modern tech-
nology, from new energy harvesting and conversion de-
vices to electronic and catalytic materials. The diverse
applications of solids arise from the subtle ways in which
variations in interatomic interactions influence structure,
stability, and macroscopic functional properties. Con-
sequently, understanding and quantifying the nature of
specific interatomic interactions and how they give rise
to functional behavior is essential for the discovery and
development of new materials with enhanced or tunable
properties.[1–3]

The contributions of specific interactions to functional
properties are often closely linked to the strength of
the interaction. This relation has, for example, in-
spired recent efforts to machine-learn functional prop-
erties using descriptors derived from interatomic inter-
action strengths.[4] However, despite the apparent con-
ceptual simplicity of interatomic interaction strengths,
quantifying them in crystalline solids remains a funda-
mental challenge. In a periodic system, interatomic inter-
actions are embedded within a many-body environment,
and no unique observable can be assigned to a single
bond or interaction without invoking a specific partition-
ing of, e.g., real space,[5] charge density,[6, 7] or degrees of
freedom.[8] Perturbing or “breaking” a local interaction
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in a solid necessarily induces structural and electronic re-
laxation across the surrounding structure, thereby blur-
ring the distinction between local chemical effects and
the collective elastic response. As a result, any mea-
sure of bond strengths in a periodic system is inherently
method-dependent, and different approaches often em-
phasize complementary but non-equivalent physical as-
pects of the same interaction.

A wide range of methods have been developed to
characterize bonding in periodic systems. The major-
ity of approaches are based on the analysis of elec-
tronic structure quantities obtained from static crystal
structures, including topological descriptors, e.g., quan-
tum theory of atoms in molecules (QTAIM),[9] electron
localization function (ELF) analysis,[10] non-covalent
interaction (NCI) descriptors,[7, 11] and orbital-based
approaches[12] (e.g., natural bonding orbital[13] or crys-
tal orbital Hamilton population (COHP) analyses[14]).
These methods have seen widespread success for obtain-
ing chemically-informed insight into bonding patterns
and interaction types, though they typically infer interac-
tion strength through indirect (and often non-intuitive)
metrics.

Local vibrational mode theory (LVMT) offers a pow-
erful approach to characterize bond strengths based on
the vibrational (normal-mode) behavior of the system,
yielding local stretching force constants that serve as
intuitive and quantitative measures of intrinsic bond
strength.[15] This approach has been widely used for
studying molecules in isolation, including for the study
of luminescence behavior in lanthanide complexes,[16]
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for interpreting intramolecular vibrational relaxation
pathways,[17] for re-assessing pKa descriptors in small
molecules,[18] and for analyzing the strengths of ex-
plosophoric bonds in high energy-density molecules.[19]
More recently, LVMT was extended to investigate bond-
ing in the solid state, based on the analysis of normal
mode eigenvectors at the Brillouin zone center. This ex-
tension enabled the analysis of diverse systems including
the effect of crystallization on covalent bonding in the
uranyl ion (UO 2+

2 )[20] and the influence of pressure on
I−O bonding in Mg(IO3)2,[21] demonstrating the signifi-
cant potential of LVMT as an easy-to-interpret descriptor
for studying the role of specific interactions in a variety
of chemical and physical problems.

Reflecting the wavevector-dependence of normal vi-
brational modes in periodic systems, we have extended
LVMT by defining wavevector-resolved local modes for
arbitrary k-points in the Brillouin zone.[22] Using this
formulation, one can track how the internal-coordinate
character of normal modes evolves across the Brillouin
zone, probe the chemical origins of phonon dispersion
behavior, and hence explicitly and quantitatively study
how local structural distortions contribute to collective
vibrational phenomena in periodic solids. However, while
these wavevector-resolved local modes are localized to
specific internal coordinates within each unit cell, they
remain delocalized across the periodic lattice, Figures 1a
and 1b. Consequently, their associated force constants
correspond to collective rather than individual bond dis-
tortions. This naturally raises the question as to whether,
and how, one can recover real-space localized vibrational
descriptors that accurately reflect individual bond or in-
teraction strengths in periodic systems that allow for a
one-to-one comparison with local mode force constants
in isolated molecular systems.

As the next step in our development of LVMT for peri-
odic systems, we introduce here a Wannier-type formula-
tion of periodic LVMT that produces real-space localized
vibrations associated with individual internal coordinates
centered on a single unit cell, Figure 1c. Analogous to
electronic and phonon Wannier functions, these modes
are obtained by forming locally coherent superpositions
of the wavevector-dependent local modes over the first
Brillouin zone. The phases of the constituent modes are
fixed relative to a chosen reference unit cell, producing a
smooth, gauge-consistent representation across k-points
without the need for additional gauge-fixing procedures.
This procedure yields displacement patterns that are spa-
tially concentrated around a single unit cell, affording
physically meaningful local mode force constants that
provide a direct metric of bond strength in solids in in-
tuitive units of elastic stiffness. This approach naturally
respects both the local character of chemical interactions
and the translational symmetry of the crystal, providing
a robust and chemically intuitive framework for analyz-
ing bond and interaction strengths in periodic systems.

FIG. 1: Illustration of the displacement patterns
associated with wavevector-resolved local

modes—(a) Γ-point and (b) finite-wavevector—and
(c) the Wannier-type local modes introduced in this

work. Atomic displacements (white arrows) are
repeated periodically throughout the entire lattice for
wavevector-resolved local modes, but are localized to a

single unit cell for the Wannier-type mode. The
background color represents the local displacement

magnitudes.



3

II. THEORETICAL BACKGROUND

A. Wavevector-resolved local vibrational modes

1. Vibrational dynamics expressed in internal coordinates

Wavevector-resolved local vibrational modes are ob-
tained from the eigenvectors and eigenvalues of the
reciprocal-space force constant matrix expressed in
Cartesian coordinates, fx(k).[22] For a given wavevec-
tor k, the elements of fx(k) are the Fourier transforms
of the real-space force constants, obtained as the second
derivatives of the total electronic energy E with respect
to atomic displacements xκα,[23]

fx
κα,κ′α′(k) =

∑
Rλ

∂2E

∂x0
κα ∂xRλ

κ′α′

eik·Rλ , (1)

where κ, κ′ label atoms in the unit cell and α, α′ de-
note Cartesian axes. Rλ are the Bravais lattice vectors.
We define a reference unit cell at Rλ = 0 with the λ-th
periodic image at distance |Rλ|. The Cartesian normal
modes at wavevector k are obtained by solving the gen-
eralized eigenvalue problem

fx(k) L(k) = M L(k) K(k), (2)

where M is the diagonal matrix of atomic masses, the
columns of L(k) are the eigenvectors, which describe the
Cartesian atomic displacement patterns of the harmonic
normal modes, and the diagonal elements of K(k) are the
squared harmonic normal mode frequencies. In a normal
coordinate basis, the matrix K(k) represents the force
constant matrix of the harmonic normal modes,

K(k) = L†(k) fx(k) L(k), (3)

with its inverse representing the compliance matrix.
It is worth noting that, when studying solid-state nor-

mal modes, one typically diagonalizes the dynamical ma-
trix,

W(k) = M−1/2 fx(k) M−1/2 (4)

to obtain normal mode frequencies and eigenvectors.
This yields the same eigenvalues as Equation (2) but re-
turns mass-weighted eigenvectors. Hence, by using Equa-
tion (2) we directly access a set of eigenvectors that cor-
respond to the physical atomic displacements.

Using a k-dependent equivalent of the Wilson B
matrix[24] with elements for the n-th internal coordinate
qn defined as[22]

Bn,κα(k) =
∑
λ

∂qn
∂xλκα

eik·Rλ , (5)

we can map the normal mode eigenvectors at wavevector
k onto the internal coordinate representation,

D(k) = B(k) L(k) (6)

where the row dn(k) stores the contributions of internal
coordinate qn to the normal modes.

2. Wavevector-resolved local mode properties

Following the adiabatically-relaxed local mode
construction,[25, 26] we can define the adiabatic atomic
displacement vector for the n-th wavevector-resolved
local mode as,

axn(k) = L(k) · K−1(k) d†
n(k)

dn(k) K−1(k) d†
n(k)

, (7)

with an associated force constant

kan(k) =
[
dn(k) K

−1(k) d†
n(k)

]−1
(8)

and local mode frequency

ωa
n(k) =

√
m−1

n kan(k) (9)

where m−1
n = bn(k)M

−1 b†
n(k). (10)

The effective mass mn of the corresponding internal co-
ordinate qn is obtained using the rows bn(k) of the
B(k) matrix, and acts to re-introduce the correct inertial
weighting. Moreover, mn is k-independent, see ESI S1.
In a periodic system, the local mode vectors ax(k) that

describe the atomic displacement patterns within a refer-
ence unit cell also determine the corresponding displace-
ments in all other unit cells via the Bloch phase factor
eik·R. Consequently, for any atom κ, its real-space dis-
placement in unit cell Rλ associated with a local mode
n at wavevector k is given by

un,λκ(Rλ;k) = axn,λκ(k) e
ik·Rλ . (11)

Hence, while wavevector-resolved local modes are local-
ized on particular internal coordinates in each unit cell,
they are necessarily delocalized across the entire periodic
lattice, consistent with the underlying periodicity of the
normal modes.

B. Real-space-localized internal coordinate
vibrations in solids

1. Wannier-type construction of real-space-localized
vibrational modes

A periodic local vibrational mode can be further lo-
calised to an arbitrary unit cell at real space position Rλ

by creating a coherent superposition of the wavevector-
resolved local modes through an inverse Fourier trans-
form. Correspondingly, we define a real-space local mode
associated with internal coordinate qn analogously to a
Wannier function as

ãxn(Rλ) =
1√
Nk

∑
k

axn(k) e
−ik·Rλ , (12)

where the sum runs over the Nk wavevectors used to
sample the Brillouin zone.[27]
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In our formulation of periodic local vibrational mode
theory, the internal coordinates used to construct the
local modes are defined in the immediate vicinity of a
reference unit cell at Rλ = 0.[22] This definition offers
a fortuitous restriction on the gauge freedom of Equa-
tion (12) by inherently fixing the phase origin of each
local mode to the same reference cell. All contributions
from periodic images therefore enter with consistently-
defined Bloch phase factors and thus ensure that the
k-dependent local modes transform smoothly across the
Brillouin zone. As a result, the wavevector-resolved local
modes form a gauge-consistent representation, enabling
their direct Fourier transformation into real space with-
out the need for additional gauge-fixing localization pro-
cedures. This property represents a key advantage of con-
structing Wannier-type localized vibrational modes from
the chemically defined local modes rather than directly
from the normal mode eigenvectors, which are only de-
fined up to an arbitrary k-dependent phase.

The phase convention of the wavevector-resolved local
modes renders our Wannier-type functions ãx(Rλ) max-
imally coherent for the representations of the internal
coordinates that are used to construct the B(k) matrix.
By defining our internal coordinates as being centered on
the reference cell at Rλ = 0, Equation (12) for that cell
simplifies to

ãxn(Rλ = 0) =
1√
Nk

∑
k

axn(k). (13)

This construction yields a displacement pattern that is
spatially localized around the reference unit cell in the
limit ofNk → ∞. We note that where internal coordinate
definitions span a unit cell boundary, a representation for
the maximally localized ãxn(Rλ) would require a supercell
construction.

2. Properties of real-space-localized vibrational modes

We recall that the adiabatic vector axn(k) at wavevec-
tor k describes the linear elastic relaxation of the crystal
along the normal modes in response to a periodic internal
coordinate distortion. By analogy, a real-space localized
adiabatic vector ãxn(Rλ) describes the overall relaxation
of the infinite crystal that results from a localized distor-
tion of qn, obtained through the combined response of all
available normal modes, at all wavevectors. The elastic
response to an internal coordinate distortion associated
with each wavevector k is quantified by the projected
compliance,

kan(k)
−1 = dn(k) K

−1(k) d†
n(k) (14)

which is both phase-invariant and additive when the sys-
tem relaxes along multiple independent channels. Cor-
respondingly, we propose that an effective force constant

for ãxn(Rλ) can be obtained by

k̃an =

[
1

Nk

∑
k

dn(k) K
−1(k) d†

n(k)

]−1

, (15)

where the Brillouin-zone summation is performed over
the projected inverse normal-mode force constants at
each wavevector.
Equation (15) takes the form of a simple harmonic

mean of the wavevector-resolved force constants, which
follows directly from the definition of the wavevector-
resolved adiabatic vectors in Equation (7) where the pro-
jected compliance dn(k) K−1(k) d†

n(k) appears as the
normalization of the elastic response at each k. Since
the real-space localized adiabatic vector ãxn(Rλ) is con-
structed from the superposition of the independently
relaxed wavevector-resolved responses, Equation (15)
emerges as the direct scalar analog of the Wannier-type
construction in Equation (13).

Once k̃an are obtained, the corresponding local vibra-
tional frequencies are given by

ω̃a
n =

√
m−1

n k̃an. (16)

3. Symmetry-invariance of Wannier-type local vibrational
mode properties

The potential within a crystal is invariant under
all point group symmetries of the lattice (symmetry
group G). As a consequence, under a symmetry opera-
tion g ∈ G, represented by the Cartesian transformation
matrix Ug, the matrix fx(k) satisfies

fx(gk) = Ug fx(k) UT
g , (17)

with

L(gk) = Ug L(k) (18)

and

K(gk) = K(k). (19)

While the phonon eigenvalues in Equation (19) are in-
variant under g ∈ G, the same is not true of the normal
mode eigenvectors in Equation (18). These eigenvectors
transform covariantly and acquire a transformation in the
atomic displacement space given by Ug. We additionally
find (see ESI S2) that

bgn(k) = bn(g
−1k) UT

g , (20)

such that the construction of D(k) becomes invariant
under the crystallographic point group symmetries only
up to a permutation of internal-coordinate labels n 7→ gn
within a symmetry orbit (i.e., it is covariant),

dgn(k) = bgn(k) L(k)

= bn(g
−1k) UT

g Ug L(g−1k)

= bn(g
−1k) L(g−1k)

= dn(g
−1k).

(21)
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Consequently, wavevector-resolved adiabatic vectors
and projected compliances transform covariantly under
point group symmetries. Specifically, for an internal co-
ordinate n mapped to internal coordinate gn via symme-
try operation g, the projected compliance satisfies

kagn(k)
−1 = kan(g

−1k)−1. (22)

An analogous relation holds for the wavevector-resolved
adiabatic vectors ax(k), which transform as

axgn(k) = Ug axn(g
−1k), (23)

where Ug enters through the covariance of the L(k) ma-
trix in Equation (7). We note that for degenerate normal
modes, symmetry may mix eigenvectors within degener-
ate subspaces. This gauge freedom does not, however,
affect the symmetry-covariance of the projected quanti-
ties constructed from D(k).

The Wannier-type local vibrational modes that are
constructed from ax(k) and ka(k) must obey the point
group symmetry of the lattice. Correspondingly, ãx(Rλ)

and k̃a must transform as

ãxgn(Rλ) = Ug ãxn(Rλ) (24)

and

k̃agn = k̃an. (25)

The covariance of wavevector-resolved local vibrational
mode properties gives rise to important considerations
for the practical implementation of our Wannier-type
construction. In conventional lattice dynamics calcu-
lations, Brillouin-zone integrations are performed over
the irreducible Brillouin zone (IBZ), leveraging symme-
try weighting to account for contributions from equiv-
alent wavevectors. This reduction is formally valid for
wavevector-dependent quantities that are invariant under
the symmetry operations of the crystallographic point
group, such as phonon eigenvalues or other scalar prop-
erties satisfying f(k) = f(gk) for all g ∈ G. As we have
demonstrated in Equations (21) to (23), this relation does
not apply to the projected wavevector-dependent quanti-
ties that form the basis of our Wannier-type construction.

By sampling the IBZ representation, we can capture all
unique local-mode behaviors. However, individual mem-
bers of an internal-coordinate symmetry orbit, in general,
behave differently in the irreducible wedge, Figure 2. As
a consequence, when the Brillouin zone is sampled only
over its irreducible representation, contributions from
symmetry-related wavevectors are not correctly included
in the Brillouin-zone sums in Equations (12) and (15).
The symmetry covariance relations in Equations (22)
and (23) are therefore not explicitly represented within
an IBZ-only sampling, such that the required relations in
Equations (24) and (25) are not enforced.

To perform a Wannier-type construction of ãx(Rλ)

and the associated k̃a, we must therefore consider a
symmetry-complete (reducible) sampling of the Brillouin

FIG. 2: Covariance of wavevector-resolved local-mode
frequencies in MgO. The normal-mode dispersion
(black) is given alongside the local-mode dispersion
(purple, orange). The Mg−O bond n oriented along
[1, 0, 1] exhibits different local-mode frequencies

(purple) at symmetry-related k-points X = (0.5, 0, 0.5)
and X ′ = g−1X = (0, 0.5, 0.5), related by g = C2

symmetry about the [110] axis. The symmetry-related
bond gn, oriented along [0, 1, 1], exhibits the opposite
behavior. This is a direct consequence of the covariance

relation kagn(k)
−1 = kan(g

−1k)−1.

zone by explicitly evaluating wavevector-resolved local
modes for all symmetry-related wavevectors. This can
be achieved by sampling the Brillouin zone (RBZ) on a
complete Γ-centered Monkhorst-Pack grid, or by recon-
structing the star of each wavevector from the IBZ prior
to the localization procedure. Only in this way is the full
point-group symmetry of the lattice response correctly
recovered in ãx(Rλ) and k̃a.

In this work, we chose to compute dynamical matrices
on complete Monkhorst-Pack grids during the lattice dy-
namics calculation. This choice was made to ensure con-
sistent numerical precision in the input data for the con-
struction of wavevector-resolved local vibrational modes.
If one instead chooses to reconstruct the full Brillouin
zone sampling from the IBZ, the rows of the D(g−1k)
matrices, Equation (6), are obtained as

dn(g
−1k) = bn(g

−1k) L(g−1k)

= bn(g
−1k) UT

g L(k),
(26)

using the covariance of the normal-mode eigenvectors in
Equation (18).
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C. Comment on the physical interpretation of
wavevector-resolved and Wannier-type local

vibrational modes

Our Wannier-type local vibrational modes describe
internal-coordinate vibrations that are spatially localized
around a single reference unit cell. This contrasts with
the wavevector-resolved local modes, which are localized
to a specific internal coordinate in every unit cell, with
the relative phase of their distortion being defined by the
wavevector. It follows from this difference in physical pic-
ture that the respective adiabatic vectors also have differ-
ent physical interpretations. The Wannier-type ãx(Rλ)
describe the full elastic response of the crystal to an indi-
vidual internal coordinate distortion, allowing the crystal
to relax through all the available normal mode channels
at all available wavevectors. Instead, the wavevector-
resolved ax(k) describe how the crystal relaxes only via
the normal mode channels at the wavevector for which it
is calculated.

In the context of the present manuscript, we must also
consider the difference in the local mode force constants
that are obtained through these two approaches. Using
the Wannier-type construction, the local mode force con-
stants k̃a represent the resistance of the entire crystal to
a localized internal-coordinate distortion. As these force
constants are constructed from the compliance matrices
at all sampled wavevectors, they explicitly account for
the phonon dispersion behavior, Equation (15). Hence,

k̃a account for a complete representation of the crystal re-
sponse to a particular local deformation. In comparison,
the wavevector-resolved force constants ka(k) describe
the stiffness in response to a Bloch-periodic internal-
coordinate distortion relaxed only via the normal modes
with the same periodicity. The terminology and notation
used to describe the local modes in this work as well as
their physical interpretation are summarized in Table I.

The delocalised nature of the wavevector-resolved lo-
cal modes makes them a natural tool for analyzing the
contributions of structural and chemical features to the
phonon dispersion behavior,[22] or for investigating co-
operative distortions across periodic lattices. Wannier-
type local modes are instead more closely aligned with
the physical picture of deforming an individual interac-
tion within the crystal. Consequently, the Wannier-type
modes ãx(Rλ) and force constants k̃a emerge as the nat-
ural objects to compare directly with local vibrational
modes in isolated molecules, and to interpret as bond or
interaction strength descriptors for solids.

III. COMPUTATIONAL METHODS

All geometry optimization and phonon calcula-
tions were performed within the framework of plane-
wave density functional theory (DFT) as imple-
mented in CASTEP v25.11.[28] Input crystal struc-
tures were obtained from the Inorganic Crystal Struc-

ture Database (ICSD) with collection codes 159375
(MgO),[29] 656475 (diamond),[30] 52457 (silicon),[31]
603798 (silicon carbide),[32] 52152 (aragonite) and 52151
(calcite).[33] The structure of the isolated carbonate an-
ion was purpose-built with equal bond lengths and an-
gles, and placed in a cubic 18×18×18 Å unit cell, to min-
imize interactions between periodic images, see ESI S3.7
for further detail. The orientation of the ion in the unit
cell was chosen to preserve its three-fold rotational axis
and in-plane two-fold axes relative to the unit cell sym-
metry (the coordinates are given in ESI S3.7). This was
done to maximize the molecular point group symmetries
that are explicitly preserved and enforced in our repre-
sentation. A uniform compensating background charge of
−2 was included to neutralize the unit cell and allow the
Coulomb potential to converge under periodic boundary
conditions.

The input structures were relaxed with the exchange–
correlation energy described using the generalized gradi-
ent approximation (GGA) functional of Perdew-Burke-
Ernzerhof (PBE)[34]. The Grimme D2 dispersion
correction[35] was used for all systems except for the
carbonate anion. The nuclear Coulomb potential was at-
tenuated with norm-conserving pseudopotentials as ob-
tained on-the-fly within CASTEP. The wavefunction was
expanded in a plane-wave basis set to a kinetic en-
ergy cut-off of 1200 eV for MgO and the CaCO3 poly-
morphs and 900 eV for C, SiC and Si, and sampled on a
Monkhorst-Pack k-point grid with spacing of 0.05 Å−1.
Convergence criteria for the self-consistent field cycles
were set to an electronic energy change < 10−10 eV and
an electronic eigenvalue change< 10−12 eV. The Broyden
density-mixing scheme was used to accelerate SCF con-
vergence, with a mixing amplitude of 0.5 and a maximum
mixing G-vector of 1.5 Å−1. Structure relaxation used
the limited-memory Broyden-Fletcher-Goldfarb-Shanno
(LBFGS) algorithm,[36] with convergence reached when
the total energy change was < 2×10−6 eV atom−1, resid-
ual forces < 10−4 eV Å−1, ionic displacements < 10−5 Å
and cell strain < 0.1 GPa. Further detail regarding the
input and optimized structures is provided in the ESI, S3.

Phonon calculations were performed using the lin-
ear response method, as implemented in CASTEP
v25.11,[37] with LO-TO splitting enabled for MgO,
SiC and CaCO3, and disabled for the remaining sys-
tems: diamond, silicon and the carbonate ion. Bril-
louin zones of the model systems were sampled on Γ-
centered Monkhorst-Pack grids with ca 0.05 Å−1 k-point
spacing, and only at the Γ-point for the carbonate ion.
For the production of the phonon dispersion relations,
dynamical matrices were interpolated from these grids
onto paths between high-symmetry Brillouin zone points,
as generated by the SeeK-path utility.[38, 39] For the
Wannier-type localization procedure, dynamical matri-
ces were computed on Monkhorst-Pack grids as spec-
ified in the main text. To obtain explicit, complete
representations of the required Brillouin zone grids in
the CASTEP output rather than their irreducible sub-
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TABLE I: Summary of the types of local modes discussed in this work. The adiabatic vectors represent the
relaxation of the entire crystal in response to the described internal coordinate distortions, and the corresponding

force constants quantify the associated stiffness.

Type of local mode Description Adiabatic vector Force constant Interpretation

Wavevector-resolved
Γ-point ax(k = Γ) ka(k = Γ)

Periodic internal coordinate distortion repeated
identically in every unit cell.

Finite-wavevector ax(k) ka(k)
Periodic internal coordinate distortion with
periodicity determined by the wavevector k.

Wannier-type Real-space localized ãx(Rλ) k̃a Individual internal coordinate distortion localized
on a single unit cell.

sets, the k-point coordinates in the Monkhorst-Pack grids
were provided using the PHONON_KPOINT_LIST or the
PHONON_FINE_KPOINT_LIST blocks in the .cell input
file. For illustrative purposes, we highlight in ESI S4 the
computational costs of performing the phonon dispersion
calculations reported in this work.

Wavevector-resolved local modes were computed for
the internal coordinates described in the main text,
according to the formalism described in the Theoreti-
cal Background using our LModeA-k software.[22] The
Wannier-type local mode construction and the calcu-
lation of the associated properties was done using a
post-processing script, available at our group GitHub
(see Data Availability Statement accompanying this
manuscript).

IV. RESULTS AND DISCUSSION

Here we demonstrate the construction and application
of Wannier-type local modes for a series of model sys-
tems. With the first example of MgO, we show how an
increasingly dense sampling of the Brillouin zone leads to
converged Wannier-type local modes ãx(Rλ) with real-
space localized vibrational behavior that are accompa-
nied by converged force constants k̃a. We apply our pro-
cedure to a set of isostructural tetrahedrally-coordinated
covalent networks, demonstrating that Wannier-type lo-
cal mode force constants are reliable metrics for intrinsic
bond strengths in crystals. Finally, by studying two poly-
morphs of CaCO3, we explore how our Wannier-type lo-
cal modes capture the influence of crystal packing on the
strengths of intramolecular covalent bonds in the CO 2–

3

anion and on the intermolecular CO 2–
3 · · ·Ca2+ interac-

tions.

A. Convergence of Wannier-type local vibrational
modes with Brillouin zone sampling density

We first consider the ion-pair interactions in the sim-
ple rock-salt crystal of MgO (space group Fm 3̄m), Fig-
ure 3a. The primitive cell of MgO contains six symmetry-
equivalent Mg−O interactions. Though equivalent by
symmetry, for our purposes it is illustrative to consider
them individually. These Mg−O interactions are defined

FIG. 3: Structure and phonon dispersion relations of
MgO. (a) The primitive unit cell structure of MgO

(black lines). Ions are colored as: Mg (orange), O (red).
Ions indicated with asterisks formally belong to the

displayed primitive cell. Bonds used in our analysis are
highlighted in blue and the unit cells to which the Mg
ions belong are indicated atop their representations. (b)

Phonon dispersion curves of the normal mode
frequencies (black) and the dispersion behavior of the

six Mg−O bond stretch local modes (blue) as a function
of wavevector.
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● 5x5x5 ● 9x9x9 ● 13x13x13 ● 27x27x27 ● 41x41x41

Cell index
(x and y axis)

(a)

(b)

(c)

FIG. 4: Convergence behavior of k̃a and ãx(Rλ) in MgO. (a) Convergence of k̃a for symmetry-equivalent Mg−O

local modes as the k-point sampling density is increased. The convergence of k̃a computed from sampling the RBZ
on Monkhorst-Pack (MP) grids up to 9× 9× 9 is shown as a solid blue line. Larger MP grids were obtained by

interpolating from a 5× 5× 5 grid. Values of k̃a obtained from these interpolated grids are given as a dotted black
line. The behavior of k̃a when generated from sampling the IBZ only is shown as light blue lines, with the values
computed from a 81× 81× 81 MP grid shown in red, highlighting that increased sampling of the IBZ does not

reproduce the correct behavior. (b) Real-space decay of Wannier-type local mode norms for the Mg(0,0,1)–O(0,0,0)
stretch in unit cells outwith Rλ = 0, calculated by sampling the RBZ using different k-point MP grids. (c) Signed

magnitude of the real-space mode norms for the Mg(0,0,1)–O(0,0,0) stretch in the bc plane. Magnitude is
represented by the dot size, and sign relative to the Wannier-type mode at Rλ = 0 by the dot color. Neighboring
oppositely-colored dots correspond to ãx(Rλ) norms distributed across neighboring unit cells due to the formal

assignment of ions defining the internal coordinates to different unit cells.
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by bonds connecting the O ion at the center of the refer-
ence cell,Rλ = 0, to the Mg ions that sit on the corners of
the primitive cell. As such, these Mg ions formally reside
in neighboring cells: (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0),
(1, 0, 1), and (1, 1, 0). While the six selected internal co-
ordinate representations involve ions that formally be-
long to different primitive cells, the internal coordinates
themselves (i.e., the bonds) are fully confined in the ref-
erence cell.

Akin to the normal-mode dispersion behavior, the six
Mg−O bond-stretch local modes exhibit a significant de-
gree of dispersion across the Brillouin zone, Figure 3b.
At the Γ-point, all six local modes are degenerate when
LO-TO splitting is neglected, consistent with the full cu-
bic symmetry of the crystal. This degeneracy is lifted
away from Γ, with the local mode behaviors splitting into
symmetry-related subsets whose composition depends on
the orientation of k. Along the ∆(Γ−X), Σ(Γ−K) and
X−U paths (which all traverse two reciprocal space lat-
tice vectors symmetrically) the real-space projection of
four Mg−O bond vectors onto the wavevector direction
are equivalent. Correspondingly, these four Mg−O lo-
cal modes remain degenerate along these high-symmetry
paths, whilst the remaining two bonds form a second
symmetry-degenerate pair. In contrast, along the W−X
path, which samples the Brillouin zone asymmetrically
with respect to all three reciprocal lattice vectors, the
six Mg−O bonds split into three pairs of symmetry-
degenerate local modes.

Given the significant dispersion seen in Figure 3b, we
find that the local mode frequency at k = Γ is a poor re-
flection for the average mode frequency for all six Mg−O
local modes across the Brillouin zone. In fact, the lo-
cal mode frequencies calculated at any finite wavevector
for Mg−O bonds are typically higher than at Γ. Corre-
spondingly, the local mode force constant calculated at
Γ, ka(k = Γ) = 0.991 mdyn Å−1 (in the absence of LO-
TO splitting) is also a poor reflection of the average local
mode force constant for the Mg−O interactions.

To explore how the local modes are affected by the in-
corporation of phonon dispersion into their construction,
we subsequently computed ãx(Rλ), Equation (12), and

the corresponding k̃a, Equation (15), for each of the six
Mg−O bonds by sampling the reducible Brillouin zone
(RBZ; see discussion in Section II B 3). As we system-
atically increased the sampling density of the RBZ, Fig-
ure 4a, the resulting k̃a converged to 1.040 mdyn Å−1,
varying by no more than 0.001 mdyn Å−1 once a
Monkhorst-Pack k-point grid of 5×5×5 grid was reached
(corresponding to ca 0.10 Å−1 k-point spacing). This
converged value contrasts that obtained by sampling only
the Γ-point, ka(k = Γ) = 0.991 mdyn Å−1 (ca 5%
smaller). The origins of this discrepancy are two-fold: by
using a Wannier-type local mode construction, (1) the
adiabatic vectors are no longer periodic, and (2) they
reflect how the entire periodic system, through normal
modes at all wavevectors, relaxes when the internal coor-
dinate is perturbed. In the case of MgO this description

reveals a markedly stiffer system response than that de-
scribed by the local modes defined at the Γ-point.
We additionally calculated k̃a from a symmetry-

weighted sampling of the irreducible Brillouin zone (IBZ).
This sampling approach led to large fluctuations in the
predicted values of k̃a, which did not converge with im-
proved IBZ sampling density, Figure 4a. Moreover, even
a large sampling density of the IBZ yielded three inde-
pendent values for k̃a, each representing a subset of the
six Mg−O local modes. Notably, all three of these values
differ from the true converged k̃a. This result demon-
strates decisively the need to explicitly sample the RBZ
when constructing Wannier-type local vibrational modes
(see Section II B 3 for further discussion).

To illustrate that our converged k̃a correspond to
spatially-localized vibrations, we compute ãx(Rλ), Equa-
tion (12), across a 60× 60× 60 supercell and obtain the
norms of ãx(Rλ) in each constituent unit cell. These
norms are the largest in the reference cell at Rλ = 0
and its nearest neighbors, since the adiabatic vectors are
localized on internal coordinates defined by ions that for-
mally belong to different unit cells. As the distance from
the reference cell increases, the mode norms decay, Fig-
ure 4b. This decay is faster and leads to smaller norms
away from the reference cell as the RBZ sampling density
is increased.
Since our method relies on a discrete sampling of

wavevectors, Equation (12) represents a discrete Fourier
transform over an Na × Nb × Nc Monkhorst-Pack grid.
As in any finite-grid Fourier representation, the result-
ing real-space adiabatic vector is strictly periodic over a
supercell of dimensions Naa × Nbb × Ncc, where a, b, c
are the primitive-cell lattice constants. Consequently,
the maximally localized displacement pattern centered
around Rλ = 0 is accompanied by periodic images (alias-
ing replicas) separated by these supercell vectors, as seen
in Figures 4b and 4c. These Fourier replicas are an inher-
ent consequence of the finite k-point sampling and vanish
in the limit Nk → ∞. However, as seen by the conver-
gence of k̃a, the coupling of these Fourier replicas through
the lattice diminishes as the RBZ sampling is improved.
This yields well-converged force constants using grids as
coarse as 5 × 5 × 5. Thus, in direct analogy to similar
Wannier-type localization procedures, our approach ex-
hibits systematic and reliable convergence toward a truly
localized internal-coordinate distortion as the density of
sampled wavevectors increases.

B. Wannier-type local mode force constants as
bond strength descriptors

We next explore the use of Wannier-type local
modes to describe the covalent bonds in a family of
tetrahedrally-coordinated covalent network solids: dia-
mond, SiC, and Si (space groups Fd 3̄m, F 4̄3m, and
Fd 3̄m, respectively), Figure 5. As reference, we compare

the trends in our computed values of k̃a against exper-
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imentally determined cohesive energies for each crystal,
with bond strength decreasing as C−C > Si−C > Si−Si,
Table II.

TABLE II: Comparison of experimental and computed
bond lengths and bond energies / Wannier-type local
mode force constants for diamond (C), SiC and Si.

Experimental bond energies were estimated as half the
cohesive energy per atom of the corresponding solid,
taken from Ref. 40. The MP grids used to sample the
RBZ for calculating k̃a were 33× 33× 33 for diamond,

27× 27× 27 for SiC, and 21× 21× 21 for Si,
corresponding in each case to ca 0.015 Å−1 k-point

spacing.

Experimental Computed
Bond
length
/ Å

Bond
energy
/ eV

Bond
length
/ Å

Wannier-type

k̃a

/ mdyn Å−1

Γ-point
ka(k = Γ)
/ mdyn Å−1

C 1.54 3.69 1.54 4.22 6.01
SiC 1.89 3.18 1.89 2.61 3.48
Si 2.35 2.32 2.34 1.58 2.21

Whether one considers k̃a by sampling across the RBZ
or ka(k = Γ) by sampling the Γ-point only, the same
qualitative trend in bond strengths is observed, consis-
tent with the trend in experimental cohesive energies.
However, compared to k̃a, the Γ-only results systemati-
cally overestimate the bond stiffness by 33–42%. We can
rationalize this overestimation by the fact that the op-
tical phonon branches in these three crystals reach their
maxima at k = Γ and soften at finite wavevectors. As a
result, local mode force constants evaluated solely at the
Brillouin-zone center probe the stiffest possible elastic
response associated with periodic distortions of the cova-
lent bond, rather than capturing the full elastic response
of the system to individual bond distortions. This effect
is the most pronounced in diamond (C), which shows the
greatest degree of phonon dispersion.

By correctly describing the isolated covalent bond dis-
tortion through our Wannier-type procedure, we obtain
values for the force constants that are significantly lower,
and hence indicate a more deformable covalent bond net-
work than might be expected from a delocalised Γ-point
perspective. These results highlight an important con-
sideration when using Γ-point-only local-mode analyses
for bond characterization in extended solids. While Γ-
point force constants can offer an indication of relative
bond strengths, they should be used with caution when
comparing materials that have different phonon disper-
sion behavior. This limitation is a direct consequence
of the real-space interpretation of these local modes (see
Section IIC).

C. Sensitivity of Wannier-type local mode force
constants to local chemical environments

As a final illustration we explore the use of k̃a to de-
scribe subtle differences in local chemical environments
that arise in polymorphic systems. To this end we
consider the CaCO3 polymorphs aragonite (space group
Pnma) and calcite (space group R3̄c), Figure 6. While
both structures contain quasi-planar carbonate anions,
the coordination sphere of the calcium cation differs
markedly: Ca2+ is six-coordinate in calcite and nine-
coordinate in aragonite. These differences provide a
platform to assess whether Wannier-type force constants
can resolve environment-dependent variations in the co-
valent C−O bonding and in the predominantly ionic
Ca2+· · ·O2– interactions. We additionally compare the
force constants for the C−O bonds in both polymorphs
to those in an isolated CO 2–

3 anion as a means to iden-

tify whether k̃a can capture the influence of crystal field
effects on molecular bonding.

For both of the CaCO3 structures, convergence of the

k̃a values required approximately 100 k-points to be sam-
pled in the RBZ, corresponding to a 5×5×3 Monkhorst-
Pack grid for aragonite and a 5 × 5 × 5 grid for cal-
cite. While this grid number is similar to that needed
to achieve convergence of k̃a in MgO, it corresponds to
a k-point spacing of ca 0.05 Å−1 compared to 0.10 Å−1

in MgO. This suggests that, while convergence can be
achieved with relatively low sampling density for inor-
ganic solids that exhibit notable phonon dispersion be-
havior, it should be assessed on a case-by-case basis for
different systems.

The CO 2–
3 anions sit on crystallographic sites of site

symmetry m in the aragonite structure, breaking the
symmetry of the C−O bonds into two distinct subgroups,
Figure 7a. For the first group, the Γ-point ka(k = Γ) are

notably higher than the converged k̃a = 6.944 mdyn Å−1

obtained from a dense sampling of the RBZ. The sec-
ond group of C−O bonds exhibit the opposite behav-
ior, with ka(k = Γ) underestimating the converged k̃a =
6.418 mdyn Å−1. In the calcite structure the CO 2–

3 an-
ions sit on three-fold symmetric sites (site symmetry 3),
conserving the symmetry of the C−O bonds, with ka(k =

Γ) underestimating the converged k̃a = 6.798 mdyn Å−1,
Figure 7b. Notably, our results show that including the
contributions from the full phonon dispersion in the lo-
cal mode construction can have significant effects on the
predicted bond strengths that are unpredictable a priori.

We can further compare the values of k̃a obtained for
the crystalline polymorphs to that obtained for the gas-
phase anion, ka ≈ 6.511 mdyn Å−1 (see ESI S3.7), noting

that k̃a does not exist for gas-phase structures. This com-
parison indicates that crystallization in fact changes the
effective stiffness of the C−O bonds of the anion in both
polymorphs. Importantly, the magnitude of the crystal-
lization effect on the C−O bond stiffness would be poorly
captured if ka(k = Γ) were used for the analysis of the
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FIG. 5: Crystal structures (top) and phonon dispersion relations (bottom) for: (a) diamond, (b) zinc blende-type
silicon carbide and (c) diamond-type silicon. Primitive unit cell boundaries are drawn as black wires, with carbon
atoms shown as black and silicon atoms shown as blue. Unit cells are not drawn to scale, with the nearest-neighbor
bond lengths indicated alongside the structure diagrams for comparison. Note that the y-axis scales in the phonon

dispersion plots are different.

FIG. 6: Crystal structures of two polymorphs of
CaCO3: (a) aragonite and (b) calcite. Primitive unit
cell boundaries are shown as black wires with ions
colored as: Ca2+ (blue), C (gray) and O2– (red).

crystalline phase. We therefore find that vectors k̃a do
provide a tool to quantitatively resolve chemically mean-
ingful variations in bond strength both within a single
crystal structure and between polymorphic forms.

We can also compare the Ca2+· · ·O2– interactions
in the two polymorphic forms. In aragonite, the nine-
coordinate Ca2+ coordination sits on a crystallographic
site with symmetrym, leading to five unique Ca2+· · ·O2–

interactions for each cation: four sets of degenerate pairs
across the mirror plane and one unique bond in the mir-
ror plane, Figure 8a. For the degenerate pairs, analysis
of ka(k = Γ) underestimates the converged values of k̃a

(which vary from 0.142–0.425 mdyn Å−1), albeit to dif-
ferent degrees. The Ca2+ octahedra in calcite instead
sit on sites of 3̄ symmetry, ensuring all six Ca2+· · ·O2–

interactions are equivalent. In this case ka(k = Γ)
slightly overestimate the stiffness of the Ca2+· · ·O2–

interactions as compared with the converged value of
k̃a = 0.609 mdyn Å−1, Figure 8b. Our analysis thus
demonstrates that k̃a offers a useful and intuitive ap-
proach to quantify the effects of local coordination envi-
ronment on bonding strengths in solids.

Overall, these results demonstrate that Wannier-type
local mode force constants are highly sensitive to the
local chemical environment and coordination chemistry.
Whilst a construction of ka(k = Γ) by sampling only
the Γ-point does provide some insight into the bonding
behavior in solids, the magnitude of the predicted val-
ues can be unreliable. This is particularly true for pe-
riodic systems that exhibit high degrees of phonon dis-
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FIG. 7: Convergence of Wannier-type force constants
for the C−O bonds in aragonite and calcite when

computed on increasingly dense reducible Brillouin-zone
grids.

persion, such as inorganic and extended solids. Since
the Wannier-type local mode force constants provide a
closer physical picture of bond strength in solids as com-
pared with our earlier wavevector-resolved approach,[22]
we therefore encourage the use of the former where bond
strength information is the target.

V. CONCLUSIONS

Building upon our recent development of wavevector-
resolved local vibrational mode theory, we have presented
here an approach to spatially localize internal-coordinate
vibrations in periodic systems using a Wannier-type pro-
cedure. Together, these two representations provide
complementary tools to analyze lattice dynamics: while
wavevector-resolved local modes elucidate how specific
internal coordinates participate in collective phonon dis-

FIG. 8: Convergence of Wannier-type force constants
for the Ca−O bonds in aragonite and calcite when

computed on increasingly dense reducible Brillouin-zone
grids.

persion throughout the Brillouin zone, the Wannier-type
construction yields real-space localized vibrational modes
centered on a single unit cell. In this way, the pre-
sented Wannier-type construction provides a more di-
rect and chemically intuitive approach for quantifying
the strength of specific bonds and interactions in periodic
systems, consistent with the interpretation of LVMT in
isolated molecules.

The original construction of wavevector-resolved local
modes provides a fortuitous approach to rectifying the
gauge problem of conventional Wannier approaches, and
makes our analysis readily applicable across chemically
and structurally diverse periodic systems. By demon-
strating our method on a range of representative crys-
talline systems, we have shown that local mode force con-
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stants obtained from analysis of only the Γ-point normal
modes can vary significantly from the more physically-
intuitive local mode force constants obtained from the
Wannier-type construction. The magnitude and sign of
this variability is linked to the degree of phonon disper-
sion across the crystal Brillouin zone, and thus cannot,
in general, be reliably estimated a priori. We do, how-
ever, note that for the studied systems, the qualitative
trends in relative interaction strengths predicted using
both the Γ-point-only and Wannier-type approaches are
conserved. This suggests that Γ-point local mode analy-
ses may still provide useful qualitative insight when full
Brillouin-zone sampling is computationally prohibitive.

At present, the method is formulated within the har-
monic approximation and requires access to phonon dis-
persions across the Brillouin zone. As such, the compu-
tational cost of accessing Wannier-type local mode force
constants as bond strength indicators depends heavily on
the complexity of the system of interest and the method
used to perform lattice dynamics calculations. However,
the Wannier-type construction itself is trivial to perform
at virtually no additional cost where simulated phonon
dispersion relations are already available.

Overall, the combined use of wavevector-resolved and
Wannier-type local vibrational mode analyses offers a
rich and comprehensive framework for understanding
structure-property relations in crystalline solids. The
present Wannier-type formulation establishes a direct
real-space analog of molecular local vibrational modes for
periodic materials, enabling chemically intuitive model-
ing of bond and interaction strengths from the response
of the system to localized internal-coordinate distortions.

In this respect we expect this framework to become a
broadly applicable tool to connect crystal structure, lat-
tice dynamics, and chemical bonding in periodic materi-
als.
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