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ABSTRACT

Emission features of astronomical spectra typically attributed to aromatic and aliphatic portions of polycyclic aromatic hydrocarbons (PAHs)
should not be so clearly binned as previously ascribed. Vibrational carbon character analysis (VCCA) herein shows that the 3.4 ym aromatic
infrared emission band (AIB), typically labeled as “aliphatic,” possesses more than 45% non-aliphatic (i.e., aromatic) character for the test
case of indene, the smallest astronomically detected PAH. Significant non-aliphatic character is seen as well for the 6.85 and 7.25 ym emission
bands of indene, which are also considered to be markers of aliphaticity. VCCA predicts similar behavior for all three emission bands in the
case of 2-ethynyltoluene, the proposed interstellar precursor of indene. Although the typical aromatic emission bands (i.e., 3.3 and 6.2 ym
bands) exhibit slight aliphatic character for both indene and 2-ethynyltoluene, these bands are primarily aromatic. While these are only two
example molecules, if significant character mixing occurs for the emission bands of most potential AIB carriers, current aliphatic/aromatic

AIB attributions must be reconsidered.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0331629

. INTRODUCTION

The aromatic infrared bands (AIBs) are emission features that
have been observed in mid-IR spectra (3-20 ym) of many diverse
astronomical environments, including planetary nebulae,’ reflec-
tion nebulae,” HII regions,’ ultraluminous infrared galaxies,* young
stellar objects,” photodissociation regions,® post-AGB stars,” and
protoplanetary disks®’ among others.'”"" In the early 1980s, Leger
and Puget'” initially hypothesized that free-flying polycyclic aro-
matic hydrocarbons (PAHs) could serve as molecular carriers for
AlIBs, which were initially referred to as unidentified infrared emis-
sion (UIE) features.”” The PAH hypothesis was further strength-
ened by Allamandola, Tielens, and Barker,'""” who describe how
AlBs can arise from the IR emission of PAHs that are excited by
UV photons in outer space—a cascade emission process that has
since been extensively modeled in subsequent literature.'*”' These
molecules, however, were not detected in space until 2021, when
McGuire et al.” discovered 1- and 2-cyanonapthalene in the Tau-
rus molecular cloud (TMC-1) following the initial 2018 detection of

benzonitrile toward the same astronomical source.”” Since then,
more PAHs have been detected,”” with cyanocoronene being
the largest PAH detected to date.’’ The current scientific consen-
sus is that PAHs are the primary carriers of the AIBs, although
there are other potential carriers as well.'"* Furthermore, none of
the bands are exclusively attributed to the IR emission of a single
PAH carrier; rather, they are attributed to the collective emission
of multiple PAHs. The identities of these contributing PAH carri-
ers remain uncertain; however, various studies have attempted to
simulate the emission spectra of individual PAHs."**"** Andrews
et al.® report that the emission of the most stable PAHs can account
for the AIBs (i.e., the “grandPAH” hypothesis), while Rosenberg,
Berné, and Boersma® find that the emission of at least 30 differ-
ent PAHs—chosen at random—also accounts for these bands (i.e.,
the “multi-PAH” hypothesis). While both hypotheses are plausible,
neither has been confirmed as of yet.

Although the specific PAH carriers that contribute to the AIBs
await identification, the attribution of AIBs to the collective IR
emission of multiple PAHs enables these bands to serve as spectral
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probes of the molecules’ general properties in various astronomi-
cal environments. Indeed, variations in the intensities, shapes, and
peak positions of the AIBs across different environments have been
attributed to generalized variations in PAH charge,%‘{ size,"* "
molecular structure,’””' " deuterium fractionation,” ** and carbon
composition.””>****"** The evaluation of PAH carbon composi-
tion, in particular, has involved using AIBs to estimate the rela-
tive amounts of aromatic and aliphatic carbons in PAHs to better
understand the underlying physical conditions that their chemical
evolution in space indicates.” Certain AIBs are attributed exclu-
sively to the deformation of aromatic C-H or C-C bonds (i.e., the
3.3 and 6.2 ym AIBs'’), while others are attributed exclusively to
the deformation of aliphatic C-H bonds (i.e., the 3.4, 6.85, and
7.25 pym AIBS(‘“\(‘L(‘S). On the basis of these attributions, the
relative integrated emission intensity of aliphatic and aromatic
AlBs (e.g., the I34/I33 intensity ratio) has been utilized to estimate
the median PAH aliphatic/aromatic fraction, previously estimated
by Yang and Li** to be 5.4%. However, a recent study of the interstel-
lar PAH indene”**’ and its proposed precursor 2-ethynyltoluene®
by Esposito et al.”’ demonstrates that such AIB intensity ratios may
actually be misleading due to the potential misattribution of the AIBs
considered for these ratios. More specifically, the molecules’ emis-
sion bands corresponding to the conventional aliphatic 3.4, 6.85,
and 7.25 ym AIBs arise from vibrational transitions involving anhar-
monically coupled vibrational modes, and these coupled modes
collectively describe the vibrational displacements (i.e., stretching,
bending, and torsion) of both aliphatic and aromatic carbons.”
In other words, due to this coupling, the conventionally described
aliphatic AIBs may not be purely aliphatic. Rather, these AIBs may
arise from anharmonic vibrational transitions that have what will be
referred to hereafter as a mixed vibrational carbon character (VCC):
the breakdown of a given set of vibrational displacements (e.g., those
corresponding to a given vibrational transition) into displacements
associated with ethynyl (sp), aromatic (sp*), and aliphatic (sp®)
carbons.

This work serves to more precisely quantify the VCC of poten-
tial AIB carrier molecules’ vibrational transitions—and, by exten-
sion, the VCC of their emission bands—to assess the veracity of
the conventional aliphatic/aromatic attributions of the aforemen-
tioned AIBs. For this purpose, the vibrational carbon character
analysis (VCCA) method is introduced herein. Utilizing both local
vibrational mode theory (LVMT)"""” and second-order vibrational
perturbation theory (VPT2),”””" VCCA effectively quantifies the
VCC of each vibrational transition, thereby allowing for quantifi-
cation of the VCC for potential AIB molecular carriers’ emission
bands, as well. Here, beginning with the theoretical and experi-
mental data for indene and 2-ethynyltouene presented previously
by Esposito et al.,’” VCCA is applied to these two molecules. The
VCC mixing predicted by VCCA for both molecules underscores the
significance of considering the anharmonic coupling between vibra-
tional modes in potential AIB carriers’ vibrational transitions during
the aliphatic/aromatic/ethynyl attribution of AIBs. More accurate
attributions of AIBs, in turn, can refine the community’s under-
standing not only of the molecular populations in observed regions
but also of the astrophysical conditions in which such molecules can
be found.

ARTICLE pubs.aip.org/aipl/jcp

1. METHODOLOGY
A. LVMT: An overview

Normal vibrational mode analysis (Appendix A) is valuable
for the study of electronic structure and chemical bonding of a
given molecular system. However, normal vibrational modes are
generally unable to represent the vibrational motions of individ-
ual bonds, bond angles, and dihedral angles due to their inherent
delocalization.”*”’ To represent local vibrational motions, nor-
mal vibrational mode vectors must first be transformed into local
vibrational mode vectors. For a given N-atom molecule with
N,ip = 3N — Ny, vibrational degrees of freedom (Ny = 5 or 6
for linear or nonlinear molecules, respectively), these local mode
vectors should be associated with a set of internal coordinates,
{q,sn=1,...,Ny}, describing the molecule’s bonds, bond angles,
and dihedral angles. LVMT provides a prescription for the transfor-
mation of normal modes into local modes that meets this criterion.
Konkoli and Cremer’”"" demonstrated that each vector in {a, }, a set
of local mode vectors associated with {q,}, is expressed in normal
coordinates as

K'd}

=—"_ 1
d,K'd} ()

an

where d, is the nth row vector of the normal mode matrix D in
internal coordinates, and K is the diagonal normal force constant
matrix. Local mode vectors can be utilized to derive descriptors of
bonds, bond angles, and dihedral angles, such as their local force
constants, masses, and frequencies.””’***! These properties of local
modes are further discussed in Appendix B. In addition, each of the
local mode vectors can undergo a coordinate transformation from
normal coordinates to Cartesian coordinates,

a), = La,, (2)

where L and aj, are the normal mode matrix and the local mode vec-
tor in Cartesian coordinates, respectively.”"’>*"*" The transformed
local mode vectors are suitable for the characterization of nor-
mal modes (CNM), an LVMT procedure that decomposes each
delocalized normal mode into its local mode contributions from a
non-redundant (i.e., linearly independent) set of N,; local modes
that is complete (i.e., the set spans the N,;-dimensional space of
normal modes).”""**"* The first step of the CNM procedure is com-
puting the overlap between each Cartesian normal mode vector
L, (u=1,...,N,3) and each Cartesian local mode vector a;,. This
overlap is given by

(anH]L,)?

—_— 3
(a [Hja) (L, [HIJL,) ®

Sny =

where H is the Hessian matrix in Cartesian coordinates. With these
overlap terms, the fractional contribution of a given local mode
aj; to a normal mode 1, can be expressed as’""*"*

Su

Cyp=——
4 Now .
Z:mll Sm}‘-

(4)
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The contribution values given by Eq. (4) constitute the ele-
ments of the square (N, x N,3) CNM matrix, C. Each column
of C represents the decomposition of a single normal mode I, into
contributions from each of the N,;, local modes; conversely, each
row represents the contributions of a single local mode to each of
the N, normal modes.

Over the past two decades, LVMT has been applied to molecu-
lar systems—in gas phase, solution, and protein environments—and
periodic systems, with the aim of calculating the aforementioned
properties of the systems’ local modes and/or decomposing the
systems’ normal modes into their constituent local modes through
CNM.”""? In this work, the atomic vibrational displacements of
local mode vectors are also evaluated, as these displacements are
directly utilized in the VCCA method, as described in Sec. II C.
When evaluating the atomic displacements, the effects of atomic
mass on the displacements must be accounted for. Thus, each a,
vector, which is mass-unweighted, must first be transformed into its
mass-weighted analog a,, where the tilde denotes mass weighting.
Once evaluated, the a, vectors can undergo a coordinate transfor-
mation from normal coordinates to Cartesian coordinates, thereby
yielding a;, vectors. These vectors are then utilized to evaluate the
mass-weighted vibrational displacements of each atom for each local
mode. The procedure utilized for the mass weighting of local modes
and the subsequent transformation from normal coordinate space to
Cartesian coordinate space is provided in Appendix C; a discussion
of the invariance of the CNM matrix to local mode mass weighting
is also provided therein.

B. Computational details

All geometry optimization and harmonic frequency calcula-
tions of indene and 2-ethynyltoluene are performed at the density
functional theory (DFT) level of theory, with Gaussian 16.°° DFT
calculations utilized the B3LYP functional®”** and the NO7D basis
set,”” which has been shown to more accurately treat anharmonic-
ity in relatively large aromatic molecules.”” The energy convergence
threshold for the geometry optimization calculations was 1 x 107"
Ej, and the numerical integration grid consists of 200 radial shells
and 974 angular points per shell.

Once the equilibrium geometries of the molecules are deter-
mined, their corresponding quartic force fields (QFF) are computed
at the same level of theory. A QFF is a fourth-order Taylor series
approximation of the anharmonic potential energy surface around a
given equilibrium geometry, which is expressed as

1 1 1
V= *Z FiinAj + *Z FijkAiAjAk + 72 FijklAiAjAkAl) (5)
25 65k 245

where Fj, Fii, and Fjy are the quadratic, cubic, and quartic force
constants, respectively, while the A terms represent normal coordi-
nate displacements from the equilibrium geometry.”! Following a
linear transformation of the QFF into Cartesian coordinates,’” the
QFF is then utilized to compute anharmonic frequencies and inten-
sities through VPT2””"" as implemented in a modified version of
the SPECTRO” program. In addition to calculating anharmonic
frequencies and intensities, SPECTRO utilizes a polyad resonance
matrix approach to VPT2 that accounts for the anharmonic cou-
pling between vibrational modes (i.e., fundamentals, overtones, and

ARTICLE pubs.aip.org/aipl/jcp

combination bands) and quantifies the resulting redistribution of
vibrational transition intensities across these modes.'””*"”

In parallel with the anharmonic VPT2 calculations, the LMod-
eAGen protocol,” as implemented in the standalone LModeA
package,’® is utilized to generate a complete, non-redundant set of
N, internal coordinates for each molecule. Once generated, this
set of coordinates is corrected to account for the presence of any
linear submolecules (e.g., the ethynyl group in 2-ethynyltoluene),
as described in previous literature.”” With the revised set of inter-
nal coordinates and the output data from the initial harmonic
frequency calculations for both molecules, the set of associated mass-
weighted Cartesian local mode vectors {a;,} and the CNM matrix
(C) described in Sec. 11 A are computed.

The calculation of the mass-weighted Cartesian local mode vec-
tors, the CNM matrix, and the VPT2 vibrational transition data, in
particular, are essential to the VCCA method described in Sec. II C.

C. Vibrational carbon character analysis

Figure 1 outlines the workflow of the VCCA method to eval-
uate the VCC breakdown (i.e., the percent vibrational ethynyl,
aromatic, and aliphatic carbon character) of AIB carrier emission
bands. In other words, the ultimate aim is to determine the rela-
tive contributions of vibrational modes involving ethynyl, aromatic,
and aliphatic carbons to each band. The workflow of the VCCA
method begins with an initial geometry optimization and harmonic
frequency calculation for the molecule of interest at any suitable
level of theory. For AIB carriers such as PAHs, DFT is a suit-
able and heavily used” ' level of theory, since higher-accuracy
coupled-cluster methods for optimization/frequency calculations of
PAHs are currently computationally intractable due to their size.
Previously detected interstellar PAHs range in size from 17 atoms
(ie., indene’™”) to 37 atoms (i.e., cyanocoronene”’), while even
larger species are predicted to exist in space.'””''’ After the ini-
tial optimization and harmonic frequency calculations are com-
pleted, the VPT2 and LVMT calculations discussed in Sec. II B are
performed.

1. Local mode character breakdown

Once the local mode vectors ({4} }) are determined from the
LVMT calculations, the VCC breakdown of each of these vectors
can be evaluated. As previously mentioned, each local mode is asso-
ciated with an internal coordinate described by N atoms, where
N =2 (bonds), 3 (bond angles), or 4 (dihedrals). This set of N atoms
can be partitioned as

N = Nc + Nr = Ngt + Nar + Ny + Np, (6)

where N¢ = Ngt + N4, + Ny and the Ngg, N4y, and Ny, terms denote
the number of atoms contributing exclusively to either the vibra-
tional ethynyl, aromatic, or aliphatic carbon character of the local
mode, respectively, while Nr denotes the remaining number of
atoms described by the coordinate. As a first step in evaluating Ng;,
Nar, and Ny, each carbon in the mode’s associated internal coordi-
nate is classified as ethynyl (sp), aromatic (sp®), or aliphatic (sp°).
For example, considering the Al-Ar carbon stretching local mode of
indene shown in Fig. 1, it is evident that N, = N4, = 1, since one
of the stretching carbon atoms is aromatic and its counterpart is
aliphatic, as labeled in the figure.
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FIG. 1. Workflow of the VCCA method for calculating the VCC of AIB carrier emission bands. Et, Ar, and Al refer to ethynyl, aromatic, and aliphatic, respectively. See the

text for further explanation of the workflow.

While the partitioning of N is straightforward when consider-
ing an internal coordinate describing only carbon atoms, the internal
coordinates must be considered where non-carbon atoms, especially
hydrogens and nitrogens, are present. There are three special cases
of such internal coordinates:

1. The internal coordinate describes a non-carbon atom that is
not bonded to any carbon atom within the coordinate (e.g.,
N-H bond). Here, the associated local mode motion of the
non-carbon atom is not associated with the motion of any type
of carbon. Therefore, this non-carbon atom is assigned to the
set of atoms described by Nr.

2. The internal coordinate describes a non-carbon atom and
one bonded carbon (e.g,, C-H or C=N bonds). In this
case, the local vibrational motion of the non-carbon atom
is associated only with the motion of the bonded carbon
(e.g., aliphatic/aromatic/ethynyl C-H stretch or ethynyl C=N
stretch). Therefore, the non-carbon atom can be assigned to
the same set as the bonded carbon (i.e., Ngt, Nar, or Nyj).

3. The internal coordinate describes a non-carbon atom and
multiple bonded carbon atoms [e.g., «(C-N-C) bond angle
or 7(C-N-C-C) dihedral angle]. There are two subcases to
consider here. In the first subcase, the internal coordinate
describes a non-carbon atom and two or more bonded car-
bon atoms that belong to two or more different sets of carbon
atoms [e.g., < (C;-N-C;) bond angle for which C, is aromatic
and C; is aliphatic]. For a non-carbon atom bonded to such
carbon atoms, its local vibrational motion is not exclusively
associated with the motion of a single type of carbon. There-
fore, the non-carbon atom cannot be assigned exclusively to
one of the sets described by Ngs, Nar, and N, and would

instead be assigned to the set described by Nr—similar to case
1. In the second subcase, the internal coordinate describes a
non-carbon atom and bonded carbon atoms that all belong to
the same set of carbon atoms (e.g., if C; and C; from the first
subcase example were both aromatic instead). In this scenario,
the non-carbon atom’s local vibrational motion is exclusively
associated with the motion of one type of carbon atom. Hence,
the non-carbon atom can be assigned to the same set as its
neighboring identical carbons—similar to case 2.

The partitioning of N for a given internal coordinate with a
non-carbon atom first requires a careful evaluation of the number
of carbons bonded to the non-carbon atom that are also described
by the internal coordinate. This number is the sole criterion used
to distinguish between cases 1-3, and the overall number of car-
bons bonded to the non-carbon atom is not necessarily the same
value. For instance, indole-3-acetaldehyde, a biomolecule that can be
derived from the polycyclic aromatic nitrogen-containing hydrocar-
bon (PANH) indole,'!! contains a single nitrogen atom embedded
in its five-membered ring that is bonded to two aromatic carbons
(Fig. 2): C; and Co. In this structure, however, bonds, angles, and
dihedral angles can be identified describing N; and only one of its
two bonded carbons, such as the N;-C, bond, the «(N;-C,-C3)
bond angle, and the 7(N;-C;-C3-Cy4) dihedral angle. Since these
particular coordinates only describe one of Ni’s bonded carbons
(i.e., Cy), they can be classified as instances of case 2 rather than
case 3. Although at first glance counting only the Ni-bonded car-
bons that are described by these internal coordinates (i.e., one
carbon) instead of all the Nj-bonded carbons (i.e., two carbons)
may seem erroneous, each local mode associated with an internal
coordinate describes the localized vibrational motion of only the
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FIG. 2. Labeled chemical structure of indole-3-acetaldehyde.

N atoms described by the coordinate. Thus, the atoms not described
by the three coordinates, including the Co atom bonded to N, are
not associated with the local vibrational motion of N; correspond-
ing to these coordinates. This compartmentalization of vibrational
motions would not be true, however, if the N partitioning scheme
was applied to normal modes instead of local modes, since the
vibrations of the former can be delocalized throughout the entire
molecular system—that is, they are not strictly associated with a
single bond, bond angle, or dihedral angle.

Internal coordinates can, of course, also describe multiple non-
carbon atoms with differing numbers of carbon bonds, thereby
meeting the criteria for more than just one of the three special cases.
Returning to the example of indole-3-acetaldehyde, the dihedral
angle 7(Co-N;-C,-Hi4) (N = 4) can be considered, which describes
ahydrogen bonded to a single carbon (case 2) and a nitrogen bonded
to two carbons (case 3). The prescriptions for cases 2 and 3 can be
applied separately to the hydrogen and nitrogen, respectively. Since
C; is aromatic, Hi4 belongs to the set described by N4, based on the
prescription for case 2. Similarly, since both C; and Co are aromatic,
N; also belongs to the set described by N, based on the prescrip-
tion for case 3. Thus, the partition of N for the dihedral is given
simply as N = Ny, = 4. Table S1 of the supplementary material lists
the partitioning of N for a subset of indole-3-acetaldehyde’s internal
coordinates.

After N has been partitioned for all N,; local mode vectors,
the results of the partitioning can be directly utilized to evaluate the
VCC of each vector. The local mode character breakdown matrix,
X, with dimensions of N,; x 3 (Fig. 1), contains the character of
the local mode vectors. The nth row of X contains the character
breakdown of local mode a7, with elements,

N,
Nt Aen

X = S50,
! Zf\lc Ai,n

@)

N,
r v Ar,n

Xpp = S0
T oeNeAL

®)

and

ZNAI A,
X = S0, ©)
Zi Ai,n
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where A, Ary, and Aj, denote the local mode vector displace-
ments of each atom belonging to the sets described by Ng:, Nay,
and Ny, respectively, while A;, denotes the displacement of each
atom belonging to the overall set described by N.. The relative
displacements of the partitioned atoms are quantified by the dis-
placement ratios of X,1, X2, and X3, which together sum up to
unity since Nc = Ngt + Nar + Ny These displacement ratios repre-
sent the relative vibrational contributions of the partitioned atoms
to the vibrational motion of the local mode. Thus, X1, X, and
X3 denote the vibrational ethynyl, aromatic, and aliphatic carbon
character of aj, respectively.

2. Normal mode character breakdown

Through CNM, the relative contributions of different local
modes to a given normal mode can be quantified. For a given
normal mode 1,, the contributions of each constituent local mode
[Cuu» Eq. (4)] sum up to unity,

Nyip

> Cup=1 (10)
n=1

The character of the normal mode can therefore be evaluated as the
weighted sum of the characters of the local modes, with their corre-
sponding C,,, terms acting as weighting coefficients. As discussed in
Appendix C, the mass weighting of the Cartesian local modes does
not affect the CNM matrix C. With this in mind, a N,;;, x 3 normal
mode character breakdown matrix, N, is defined and contains the
elements,

Niip

N}u = Z Cnanc- (11)
n=1

Equation (11) can be recast in matrix form as
N=C'X, (12)

where N is analogous to X, with each row of the former describing
the character of an individual normal mode.

3. Band character breakdown

Each emission band of an AIB carrier corresponds to one or
more IR absorption bands. Furthermore, each IR absorption band
corresponds to one or more vibrational transitions, and each of
these transitions arises from anharmonic coupling between various
vibrational fundamentals, overtones, and combination bands. Thus,
the VCC of an emission band can be evaluated by analyzing the
VCC of its corresponding absorption bands, which can be derived
from the VCC of the absorption bands’ corresponding transitions.
In addition, the VCC of each transition can be determined from
the VCC for each of its corresponding vibrational modes. Hence,
a bottom-up approach can be employed to compute the emission
bands’ VCC.

First, the characters of the fundamentals, overtones, and com-
bination bands contributing to each transition are evaluated. The
N matrix quantifies the character of normal modes (i.e., fundamen-
tals). Since each overtone is associated with only one fundamental,
the character of the overtone is the same as that of the fundamental.
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Combination bands, however, involve two different fundamentals;
their character is the unweighted average of the characters of the
two fundamentals. Based on these considerations, for a vibrational
transition involving Ny vibrational modes, an Ny x 3 vibrational
mode character breakdown matrix, M, is defined. For a mode
m (m=1,...,Ny) that is a fundamental v; or its corresponding
overtone 2v;,

M = Nic. (13)

If m is a combination band v; + vy, then
1
Mmc = E(I\]]C + Nkc)' (14)

Once M is evaluated, the character of each transition can be eval-
uated. Here, the fractional intensity contributions of each mode to
each transition, computed previously with VPT2, come into play.
More specifically, for an absorption band with N vibrational tran-
sitions, a N7 x 3 band transition character breakdown matrix, T, is
defined and contains elements,

Ny
th = Z wm,tMmo (15)
m

where wy,; is the VPT2 fractional intensity contribution of mode
m to transition ¢ (t=1,...,N7). The use of the wy; terms
in Eq. (15) as weighting coefficients directly accounts for the
anharmonic coupling between the modes involved in the transition.

Once T has been evaluated, the character of each absorption
band can be determined by computing the weighted VCC average
of the band’s transitions, using the normalized VPT2 anharmonic
intensities of each transition as weights. For an emission band
with N4 corresponding absorption bands, a N4 x 3 band character
breakdown matrix, A, is defined and contains elements,

Nr
Age = W: (16)
Zt It,a
where I, is the intensity of transition ¢ assigned to absorption band
a(a=1,...,Nyu).

Finally, the character of each emission band can be determined
by computing the weighted VCC average of the emission band’s
corresponding absorption band(s). This averaging procedure uses
the normalized intensities of each corresponding absorption band as
weights. For Ng emission bands, a Ng x 3 band character breakdown
matrix, E, is defined with elements,

Ny
Eec _ Zu NIAa,eAac , (17)
Zu IH,C

where I, is the intensity of absorption band a corresponding to
emission band e (e=1,...,Ng). In this work, the experimental
absorption band intensities previously evaluated by Esposito et al.”’
are utilized for the values of I,.. However, experimental data are
not required for this step. In the absence of experimental spec-
tra, VPT2 anharmonic intensities for the absorption bands can be
utilized instead.
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FIG. 3. Labeled chemical structures of (a) indene and (b) 2-ethynyltoluene.

lll. RESULTS AND DISCUSSION

Figure 3 depicts the labeled chemical structures of indene
and 2-ethynyltoluene. The experimental absorption spectra and the
computed anharmonic line spectra of the two molecules are shown
in Figs. 4 and 5. Vibrational transition assignments to each absorp-
tion band by Esposito et al.”’ use the results of the aforementioned
anharmonic VPT2 calculations. Based on these vibrational transi-
tion assignments, the VCCA method is applied to each molecule
to compute the VCC breakdown of their absorption and emission
bands given in Tables I-IV. Tables S2-S11 of the supplementary
material provide the partitioning of N, local mode VCC breakdown,
normal mode VCC breakdown (i.e., for normal modes v;-v45),
absorption band transition intensity contributions, and absorption
band transition VCC breakdown for indene and 2-ethynyltoluene,
respectively. The present discussion centers around the VCC break-
down for the molecules’ conventionally ascribed aliphatic 3.4, 6.85,
and 7.25 ym emission bands and the conventional aromatic 3.3 and
6.2 ym emission bands. Overall, the VCCA results indicate that these
bands are not purely aromatic or aliphatic, respectively, for these
two molecules. The 3.4, 6.85, and 7.25 ym emission bands, in partic-
ular, show significant, non-negligible aromatic character—in stark
contrast to their conventional aliphatic attributions.

A. Band VCC breakdown: Indene

1. Dissection of the 3.4, 6.85, and 7.25 ym
conventional aliphatic bands

The 3.4 ym emission band corresponds to six neighboring
absorption bands: G, H, I, J, K, and L (Fig. 4). Bands G, H,
J, K, and L have >70% aromatic character (Table I) due to the
influence of several highly aromatic combination bands (Table S5,
supplementary material), whose consituent fundamentals are mostly
aromatic (Table S4, supplementary material). Band I, on the other
hand, has ~90% aliphatic character, which can be understood
by considering the character of its two transitions at 2900.9 and
2902.6 cm™! (Table S6, supplementary material). The 2900.9 cm™
transition mainly derives its near-pure aliphatic character from
the v; fundamental, associated with the antisymmetric stretches of
the aliphatic C;-Hjo and C,-H;; bonds. The 2902.6 cm™ transi-
tion is also primarily aliphatic due to the vs fundamental, which
is associated with the symmetric stretches of the aforementioned
aliphatic bonds. Despite the pronounced aliphaticity of I, however,
the competing aromatic character contributions of G, H, J, K, and L
result in the ~45% aromatic character of the 3.4 ym emission band
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FIG. 4. Experimental absorption spectrum of indene (black) along with its computed anharmonic line spectra (blue). Vibrational transitions for bands a-W, originally assigned
by Esposito et al., are shown in Table S5 of the supplementary material. Esposito et al., Mon. Not. R. Astron. Soc. 535, 3239 (2024). Copyright 2024 Author(s), licensed

under a Creative Commons Attribution 4.0 License.

(Table II). Thus, contrary to convention, this emission band pos-
sesses a non-negligible aromatic character and cannot be labeled
purely as aliphatic, at least for this one example.

In addition, the 6.85 and 7.25 ym emission bands are primar-
ily aromatic, not aliphatic, as evidenced by the characters of their
corresponding absorption bands. The 6.85 ym band corresponds
to absorption bands u, v, w, and x, which are all mostly aromatic,
since they stem from highly aromatic transitions involving combi-
nation bands and overtones with >70% aromatic character. In the
case of the 7.25 ym emission band, however, the corresponding
absorption bands r, s, and t cause the emission band to have a more
pronounced—albeit still minor—aliphatic character compared to its
6.85 um counterpart. While r and t are >80% aromatic, s is nearly
half-and-half in terms of its aliphatic—aromatic character divide. The
reason for this near-even divide of character can be traced back to
the variations in the intensities and character breakdowns of the
absorption band’s three transitions at 1386.9, 1393.6, and 1394.2
cm™". Although the first two transitions are >80% aromatic, the third
transition is ~60% aliphatic due to the strongly aliphatic vi4 fun-
damental, associated with the out-of-plane bending of the C,-Hig
and C,-H;; bonds. This third transition also has an intensity that is
more than 70% of the sum of all three transitions’ intensities. Thus,
the character contribution of the third transition significantly out-
weighs the contributions of the first two, leading to the half-and-half

aliphatic-aromatic character divide of band s. Nonetheless, the dom-
inant aromatic characters of r and t result in the primarily aromatic
character of the 7.25 ym band.

2. 3.3 and 6.2 um conventional aromatic bands

The 3.3 ym emission band corresponds to three absorption
bands: M, N, and O, which each have >95% aromatic character. The
absorption bands’ transition(s) involve the highly aromatic v4-vs
fundamentals associated with the C-H stretching motions of aro-
matic carbons C¢—Co, as well as highly aromatic combination bands
involving modes vo—v13 (e.g., vo + v12). These combination bands
are associated with the delocalized in-plane skeletal distortions in
the underlying carbon ring structure, which is mainly composed
of aromatic carbons. However, the distortions also involve the dis-
placements of the aliphatic C, atom and its bonded hydrogens,
thereby contributing to the trace amounts of aliphatic character
(i.e, ~3 —4%) observed for M, N, and O. Consequently, although
the 3.3 ym emission band corresponding to these three absorption
bands is primarily aromatic, it is not purely aromatic.

In addition, the higher frequency absorption bands in the range
of 3050-3200 cm ™! (~3.25 — 3.15 um) are also mainly aromatic with
the interesting exception of band U, which is ~70% aliphatic. This
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FIG. 5. Experimental absorption spectrum of 2-ethynyltoluene (black) along with its computed anharmonic line spectra (pink). Vibrational transitions for bands a-P, originally
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licensed under a Creative Commons Attribution 4.0 License.

band’s single transition at 3095.2 cm™" derives almost all of its inten-
sity and character from combination band v7 + v45. One of the two
modes involved in this combination band, v;—the aforementioned
antisymmetric aliphatic C-H stretching fundamental—is the most
significant contributor of aliphatic character to U. Conversely, vas,
which is highly delocalized and involves the out-of-plane bending
motions of all the aromatic carbons and their bonded hydrogens, is
mostly responsible for the remaining ~30% aromatic character of U.
These results suggest that any emission bands between ~3.25-3.15
pm, while still being primarily aromatic, possess aliphatic character
as well.

The slightly aliphatic character of conventional aromatic emis-
sion bands is also evident upon examination of absorption bands vy,
z, A, B, and C, corresponding to the 6.2 ym emission band. These
absorption bands have ~6% — 20% aliphatic character, leading to the
6.2 ym band’s ~15% aliphatic character. y and z each have a sin-
gle transition, and their singular transitions have 2 85% character
contributions from combination bands that are ~6 — 16% aliphatic.
A has three transitions at 1606.7, 1607.6, and 1609.3 cm™" that have
prominent character contributions from combination bands that
are ~9 — 25% aliphatic. C also exhibits a share of aliphatic charac-
ter similar to A due to the former’s two transitions at 1632.9 and
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TABLE 1. VCC breakdown of indene’s absorption bands a-W, shown in Fig. 4. Et, Ar,
and Al refer to ethynyl, aromatic, and aliphatic VCC, respectively.
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TABLE II. VCC breakdown of indene’s conventional aromatic (i.e., 3.3 and 6.2 um)
and aliphatic (i.e., 3.4, 6.85, 7.25 um) emission bands, each of which corresponds to
the absorption bands shown in Fig. 4. Et, Ar, and Al refer to ethynyl, aromatic, and
aliphatic VCC, respectively.

Band Et (%) Ar (%) Al (%)
a 0.0 82.1 17.8
b 0.0 81.4 18.6
c 0.0 85.6 143
d 0.0 64.0 35.9
e 0.0 85.6 144
f 0.0 933 6.6
g 0.0 76.7 232
h 0.0 63.6 36.4
i 0.0 83.0 17.0
j 0.0 85.5 145
k 0.0 59.9 40.0
1 0.0 63.4 36.6
m 0.0 98.5 1.5
n 0.0 91.2 8.8
N 0.0 19.3 80.7
p 0.0 76.2 238
q 0.0 725 27.5
r 0.0 83.6 16.4
s 0.0 51.1 48.9
t 0.0 84.6 15.4
u 0.0 87.4 12.6
v 0.0 86.2 13.7
w 0.0 92.6 7.3
x 0.0 74.7 253
y 0.0 93.9 6.1
z 0.0 84.5 15.4
A 0.0 80.9 19.0
B 0.0 88.7 112
C 0.0 80.0 20.0
D 0.0 98.6 14
E 0.0 53.5 46.5
F 0.0 32.7 67.2
G 0.0 83.7 163
H 0.0 754 24.6
I 0.0 12.9 87.1
] 0.0 94,5 5.4
K 0.0 87.7 122
L 0.0 70.1 29.9
M 0.0 97.1 2.9
N 0.0 95.8 41
0 0.0 97.1 2.9
P 0.0 97.7 23
Q 0.0 98.9 11
R 0.0 97.5 25
S 0.0 97.4 26
T 0.0 96.4 35
U 0.0 311 68.9
\% 0.0 96.4 3.6
w 0.0 97.1 2.9

Emission band (um) Absorption bands Et (%) Ar (%) Al (%)

3.3 M-O 0.0 96.6 3.4
3.4 G-L 0.0 45.5 54.5
6.2 Y.z, A-C 0.0 84.8 15.1
6.85 u-x 0.0 86.3 13.6
7.25 r-t 0.0 69.6 30.4

1636.9 cm™!, which have prominent character contributions from
combination bands that are ~11 — 27% aliphatic. B has less aliphatic
character than A and C, since its three transitions at 1614.0, 1618.5,
and 1621.3 cm™' primarily involve fundamentals and combina-
tion bands that have ~5 — 15% aliphatic character. The combination
bands that helped contribute to the aliphaticity of the five absorp-
tion bands involve various highly delocalized modes (e.g., vis, V24,
V30, V37, V40, etc.). Due to their strong delocalization, these modes
describe the vibrational displacements of aliphatic C; and its bonded
hydrogen atoms alongside those of the aromatic carbons (e.g., skele-
tal distortions), thereby resulting in the combination bands’ partial
aliphaticity.

B. Band VCC breakdown: 2-ethynyltoluene
1. 3.4, 6.85, and 7.25 um conventional aliphatic bands

Like indene, 2-ethynyltoluene also has a 3.4 ym emission band
with non-negligible (~43%) aromatic character (Table IV)—once
again at odds with its conventional aliphatic attribution. The two
corresponding absorption bands are H and I (Fig. 5). Band H is
~65% aliphatic, and it has three transitions at 2936.9, 2941.8, and
2950.2 cm™" (Table S10, supplementary material). The first two of
these transitions demonstrate nearly a half-and-half split in their
aromatic-aliphatic character divide, with only ~1% ethynyl character
(Table S11, supplementary material). They act as the strongest aro-
matic character contributors to H despite the competing aliphatic
influence of the third transition, which is ~90% aliphatic due to
the purely aliphatic v; fundamental—associated with the antisym-
metric stretching of the aliphatic C;-Hg and C;-Hjo bonds of
2-ethynyltoluene’s methyl group. Band I only shows one transition
at 2957.1 cm ™" that, similar to the 2936.9 and 2941.8 cm™" transi-
tions of H, is nearly half-and-half in terms of its aromatic-aliphatic
character divide. This divide is almost entirely due to a single combi-
nation band, vi1 + vi6, which is ~53% aromatic and ~47% aliphatic.
Together, H and I contribute to the 3.4 yum emission band’s highly
mixed character breakdown for this molecule, as well.

A different type of character mixing is observed for what is
actually a predominantly aromatic 6.85 ym emission band corre-
sponding to bands s and t. Band s has ~29% ethynyl and ~3%
aliphatic character; hence, the vibrational displacements of the
2-ethynyltolunene’s ethynyl group—and not those of its methyl
group—predominantly contribute to the non-aromatic character of
this band. More specifically, the character breakdown of s’single
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TABLE lIl. VCC breakdown of 2-ethynyltoluene’s absorption bands a-P, shown in

Fig. 5. Et, Ar, and Al refer to ethynyl, aromatic, and aliphatic VCC, respectively.
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TABLE IV. VCC breakdown of 2-ethynyltoluene’s conventional aromatic (i.e., 3.3 and
6.2 um) and aliphatic (i.e., 3.4, 6.85, and 7.25 yum) emission bands, corresponding to
the absorption bands shown in Fig. 5. Et, Ar, and Al refer to ethynyl, aromatic, and
aliphatic VCC, respectively.

Band Et (%) Ar (%) Al (%)
a 18.0 77.7 43
b 1.9 90.0 8.1
c 2.6 96.6 0.8
d 57.3 31.6 11.0
e 25 88.3 9.1
f 0.3 21.9 77.7
g 38.9 552 5.9
h 6.4 88.8 48
i 7.9 77.6 14.5
j 37 263 69.9
k 116 78.0 10.4
1 6.8 85.5 7.6
m 204 68.5 11.1
n 247 69.5 5.8
o 5.1 87.0 7.9
p 8.0 86.7 52
q 5.0 33.7 61.3
r 0.6 11.9 87.5
s 28.8 68.0 3.1
t 2.3 73.4 243
u 10.6 82.8 6.6
v 15.7 79.4 48
w 37 532 43.0
x 10.1 82.3 7.5
y 1.7 955 2.8
z 3.1 953 1.6
A 0.4 95.0 46
B 0.1 97.7 2.1
C 0.1 58.0 419
D 0.1 97.6 22
E 0.0 100.0 0.0
F 24.4 66.7 8.9
G 2.0 68.7 29.3
H 0.8 36.1 632
I 0.2 50.8 489
J 0.4 263 73.3
K 11 82.4 16.5
L 2.6 84.2 13.2
M 0.6 96.4 3.1
N 64.0 31.8 42
o) 85.5 12.6 1.9
P 59.7 33.1 7.3

transition at 1449.5 cm ™' reveals that ~90% of the transition’s char-
acter is derived from a combination band involving modes v and
v43. While vy7 primarily describes the delocalized displacements of
aromatic carbons, v43 primarily describes the in-plane bending of
the ethynyl group. The ethynyl character contribution of this in-
plane bending mode is mostly responsible for the ~29% ethynyl
character of s. Unlike band s, however, band t possesses significantly
stronger aliphatic character (~24%) than ethynyl character (~2%)

Emission Absorption

band (ym) band(s) Et (%) Ar (%) Al (%)
3.3 K 1.1 82.4 16.5
34 H, I 0.5 43.5 56.1
6.2 X 10.1 82.3 7.5
6.85 s, t 17.0 70.4 12.5
7.25 q,r 2.8 22.8 74.4

due to the dominant character contribution of fundamental mode
v13, associated with the bending of the methyl group’s C-H bonds.
Yet, s and t partially counterbalance each other’s characters, lead-
ing to the 6.85 ym band’s more balanced ethynyl-aliphatic character
divide.

The 7.25 ym emission band of 2-ethynyltoluene, correspond-
ing to bands q and r, is the most aliphatic of the three conven-
tional aliphatic emission bands, although it also possesses ~25%
non-aliphatic character. Band q is ~34% aromatic and 5% ethynyl
in character. Nearly all of this non-aliphatic character is derived
from combination band v,4 + v41, which describes, among other
motions, the in-plane bending of the aromatic C-H bonds as well
as those of the ethynyl group. In strong contrast to q, however,
r is ~90% aliphatic; the latter’s strong aliphaticity is derived from
a ~90% aliphatic fundamental, vis, which describes the bending
motion of the methyl C-H bonds. Yet, the significant non-aliphatic
character of q competes with the aliphaticity of r, causing the
7.25 ym emission band to have non-negligible non-aliphatic char-
acter as well.

2. 3.3 and 6.2 um conventional aromatic bands

As previously discussed in the case of indene, absorption bands
M, N, and O, associated with the 3.3 ym emission band, are >95%
aromatic. For 2-ethynyltoluene, however, the only absorption band
associated with the emission band, K, showcases a greater aliphatic
character than indene’s M, N, and O. This behavior leads to the
~16% aliphatic character of the 3.3 ym band. Examining K’s four
transitions at 3020.0, 3026.7, 3030.2, and 3033.1 cm™!, five com-
bination bands contribute to the partially aliphatic character of K:
V7 + Va5, V1o + V12, V1o + V15, V11 + V13, and vi1 + vi5. The modes
involved in these combination bands describe, most notably, the
stretching, bending, and twisting of the aliphatic methyl C-H bonds.
Compared to the methylene group in indene, the methyl group in
2-ethynyltoluene not only has an additional aliphatic C-H bond
but also an additional conformational flexibility. As such, the lat-
ter aliphatic group has more vibrational freedom (i.e., more possible
vibrational motions) than the former. This difference may explain
the greater involvement of partially aliphatic vibrational modes for
K compared to indene’s bands M, N, and O, resulting in K’s greater
partial aliphatic character. This unique property also potentially
explains why the 3.3 ym band of 2-ethynyltoluene, while still being

J. Chem. Phys. 165, 034104 (2026); doi: 10.1063/5.0331629
Published under an exclusive license by AIP Publishing

165, 034104-10

6T :€¥ :€T 9202 AInC 9T


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

primarily aromatic, has a more pronounced aliphatic character than
its indene counterpart.

Lastly, the absorption band x corresponding to the 6.2 ym emis-
sion band is strikingly similar in aromatic character to K. Unlike
K, however, the non-aromatic character in x is not mostly aliphatic
but, rather, is ~10% ethynyl and ~8% aliphatic. A comparison of the
transitions involving x at 1604.7, 1607.5, 1618.4, and 1625.0 cm!
explains why this band contains more pronounced ethynyl char-
acter. The 1604.7 and 1607.5 cm™" transitions have the same two
primary contributing modes: vig and vi3 + v43. While vip mainly
describes the delocalized vibrations of the aromatic and aliphatic
carbons and their bonded hydrogens, v13 + v43 additionally describes
the in-plane bending of the ethynyl group, among other motions.
Together, these two vibrational modes confer both ethynyl and
aliphatic character to their transitions and, by extension, to x as well.
The 1618.4 and 1625.0 cm™" transitions, on the other hand, are ~90%
aromatic. As a result, they slightly counteract the non-aromatic
character contributions of the 1604.7 and 1607.5 cm™ transitions
to x. Nonetheless, the latter transitions ultimately contribute to the
emission band’s ~18% non-aromatic character.

IV. CONCLUSION

For indene and 2-ethynyltoluene, the conventional aliphatic
3.4, 6.85, and 7.25 ym emission bands have significant non-aliphatic
character ranging from ~25 —87%, in agreement with and quan-
titatively expanding upon the findings from Esposito et al.”’ In
addition, while the conventional aromatic 3.3 and 6.2 ym emission
bands are indeed primarily aromatic, they are not purely aromatic
due to smaller amounts of non-aromatic character ranging from
~3 —18%. For the vibrational transitions of each molecule, the
anharmonic coupling between vibrational modes results in VCC
mixing that prevents emission bands from being exclusively asso-
ciated with the vibrational displacements of only one type of carbon.
Thus, the VCCA results presented in this work strongly call for a
detailed examination of the VCC mixing of other potential AIB car-
riers as well. If significant VCC mixing occurs for most carriers,
the attribution of certain AIBs as being purely aliphatic/aromatic
needs to be reconsidered. Furthermore, if these attributions are erro-
neous, then the use of AIB intensity ratios to evaluate the PAH
aliphatic/aromatic fraction also warrants reconsideration.

Additionally, the VCCA results prompt a myriad of ques-
tions concerning the connection between VCC mixing and various
properties of PAHs. For example, since larger PAHs have more
vibrational states than smaller PAHs, does their greater number
of vibrational states imply stronger anharmonic coupling between
these states, leading to greater VCC mixing for larger PAHs? Do
the overall charge and spin multiplicity of PAHs also influence VCC
mixing? In addition, do processes such as deuterium fractionation,
inclusion of heteroatoms (e.g., nitrogen), or the functionalization
of PAHs with different aromatic/aliphatic/alkynyl functional groups
play a role as well? As demonstrated herein, VCCA can serve
as a promising means to address these questions in future work.
Answering such questions would enrich the community’s under-
standing of how the VCC of PAH emission bands may evolve
during the evolution of their associated interstellar/circumstellar
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environments, such as low-mass stellar systems, where significant
PAH formation, destruction, and chemical alteration may take
place.®” Such insights would greatly facilitate the astrochemical and
astrophysical interpretation of the IR observational data of these
environments.

SUPPLEMENTARY MATERIAL

See the supplementary material for the partitioning of N for
indole-3-acetaldehyde, followed by the partitioning of N, local mode
VCC breakdown, normal mode VCC breakdown, absorption band
transition intensity contributions, and absorption band transition
VCC breakdown for indene and 2-ethynyltoluene.
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APPENDIX A: NORMAL VIBRATIONAL MODE
ANALYSIS

For a given N-atom molecule, there are N,;, = 3N — N4 normal
vibrational degrees of freedom (N = 5 or 6 for linear or nonlinear

J. Chem. Phys. 165, 034104 (2026); doi: 10.1063/5.0331629
Published under an exclusive license by AIP Publishing

165, 034104-11

6T :€¥ :€T 9202 AInC 9T


https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.8550951
https://doi.org/10.60893/figshare.jcp.c.8550951

The Journal
of Chemical Physics

molecules, respectively). Within the Born-Oppenheimer approxi-
mation,''” the N,;-dimensional potential energy surface (PES) of
the molecule is considered. The Taylor expansion of the PES at a
given point x with respect to a stationary point xo can be expressed
as

V(x) = V(%) +i 23: ( au,,x) "

L1 ZZ": 23: ( v )

51 Uialljp

2! 7o au,‘aauj/g %o

L1 ﬁ’: 23: ( o )

— A | ity + .., (A1)

3' i ofy 8ui,xauj[;8uky %
where a,f3,y, ... each refer to the three Cartesian directions
and i,7,k,... each refer to the N atoms; together, they denote

the 3N Cartesian atomic displacement terms defining x (i.e., ia,
Ujg, Uky, - - -). The PES minima at xo can be set to zero [i.e, V(xo)
= 0], and the first partial derivatives of the PES at xg are equal to zero
[i.e., ( v )
Ouig Xo
tion, the region of the PES surrounding xo can be approximated as
a harmonic potential—that is, all terms with third-order (or higher
order) partial derivatives of the energy are neglected. With these
considerations in mind, Eq. (A1) can be approximated as

3 2
V(x) = 212 > ( gV ) Uialljp. (A2)

i ap 8uia8uj/5 %o

= 0]. Furthermore, under the harmonic approxima-

The partial derivative terms contained in Eq. (A2) constitute the
elements of the 3N x 3N Hessian matrix H, with elements,

o’V
Hipig=[—1 . A
iB (auiaaujﬁ )xo ( 3)

The mass-weighted Hessian W contains the elements,

2
W Hup 1 PV (A4)
NN CITE Y

where m;, m; refer to atomic masses, and this equation can be
expressed in matrix form as

w=M""HM '/, (A5)
where M is a diagonal 3N x 3N mass matrix with elements,
Mg jp = Oa,jpti. (A6)

In other words, M contains the atomic masses of each atom three
times to account for the three Cartesian displacements of each atom
(i.e., diagonal elements of my, my, my, ma, ma, ma, . . ., MN, MN, MN).
Once W has been computed, it can be diagonalized to obtain a set of
eigenvalues and their corresponding eigenvectors,

ctwc=A, (A7)

. ; 2
where the eigenvalues—squared angular frequencies {w,} (4 =1,

.»3N)—are collected in the diagonal matrix A, while the eigen-
vectors, which are column vectors, are collected in the matrix C.
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Substituting the expression for W given by Eq. (A5) into Eq. (A7),
we find that

C'MPHM™2C = A, (A8)

where M™"2C and its adjoint C'M™"? are shown. Quantum chem-
istry programs often express the eigenvectors collected by C, which
are dimensionless, in the mass-weighted form given by the matrix
M 2C = I, where the tilde denotes mass weighting. Since the
dimension of M is simply [M] = M, where M is the dimension of
mass, it follows that [L] = M~'/, indicating that it is mass-weighted.
Thus, Eq. (A8) can be alternatively expressed as

L'HL = A (A9)
In addition, L has the following property:
L'™ML=c'M/"MM *c=Clc=1 (A10)

since C, being composed of the eigenvectors of the Hermitian W
matrix, is a unitary matrix.

For an individual mass-weighted eigenvector 1,, which rep-
resents a normal mode, its reduced mass m" can be expressed

#
as
r 1 1
My = s = =, (A11)
CORL P
with dimensions of [mﬁ] =[1,]7%= (M7Y2)2 =M. Equa-

tion (A11) indicates that |1,] = (mﬁ)fl/z, so I, can be renormalized
as follows:

= (m)"L,.

L= (A12)

L]
Since [my]=M and [I,] = M2 Eq. (A12) indicates that 1,
is dimensionless and therefore mass-unweighted. These mass-
unweighted eigenvectors can be collected in the matrix L, and the
reduced masses can be collected in the diagonal matrix MR, Hence,
Eq. (A12) can be expressed in matrix form as

L=LMM"2 (A13)

where L has two properties which are analogous to those of L, which
were given in Egs. (A9) and (A10). The first property is observed
when the mass-unweighted Hessian matrix H is diagonalized, yield-
ing the eigenvectors collected in L as well as their corresponding
eigenvalues collected in the diagonal matrix K,

L'HL=K (A14)

Equations (A14) and (A9) can be utilized to evaluate the relation-
ship between eigenvalue matrices K and A. Multiplying both sides
of Eq. (A9) by (M®)'/2 (from the left and from the right), we obtain
LTHL = A,
(MR)I/ZiTHi(MR)l/Z _ (MR)I/ZA(MR)I/Z’
L'HL = AM",
K= AM".

(A15)
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Equation (A15) indicates that the eigenvalues contained in K are
given as mﬁ(wf)z. The second property of L can be obtained when
both sides of Eq. (A10) are multiplied from the left and the right by

(MR)I/Z,

LML =1,
(MR)I/ZI:TMI:(MR)I/Z _ (MR)I/Z(MR)I/Z, (A16)
LML = MR,

To transform the 3N eigenvectors in L, which are in Cartesian coor-
dinates, into internal coordinates (e.g., bond lengths, bond angles,

and dihedral angles), the N,;, x 3N Wilson B matrix’*”’ can be
utilized. The elements of B are given as
1)
Buia = 2, (A17)
6“1'(1

where g, denotes the internal coordinate corresponding to the nth
row of B, B,,. Thus, the eigenvectors of L can be expressed in internal
coordinates as

D =BL, (A18)
where D collects these transformed eigenvectors as row vectors,
d, = B,L. (A19)

Like L, D also has a mass-weighted analog, D, which can be

expressed as

D =DMY 2 (A20)
where each mass-weighted eigenvector can be expressed as

d, = d, (M%), (A21)

In addition, the B matrix enables us to define the Wilson G matrix,
given as

G =BM'BT, (A22)

whose off-diagonal elements Gj = Gj; describe the kinetic energy
coupling between any two modes i and j.”° G can be alternatively
expressed in terms of D using Egs. (A18) and (A16), as shown below
G=BM'B

=BLL"'M ' (L") 'L'B!

=D(L'ML) 'D'

-p(MY)'DT, (A23)
with diagonal elements,

Gun = do (M) ], (A24)

Once L, D, MR, K, A, and G are computed, then local vibra-
tional modes and their properties can be obtained, as described in
Appendix B.
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APPENDIX B: PROPERTIES OF LOCAL
VIBRATIONAL MODES

As mentioned in Sec. Il A, each vector in {a,}, a set of
local mode vectors associated with {g,}, is expressed in normal
coordinates as®’

K'd}

—_. Bl
d,K'd} (B1)

a, =

Local mode vectors have three properties: local force constants, local

masses, and local frequencies. For a given local mode vector a,, its
0,

associated local mode force constant k¥ is expressed as*”"!

1
K% = alKa, = LK (B2)
while its local mass, m%, can be expressed as"”"’
1
my=—=[d WML (B3)
nn

Equations (B1) and (B2), which can be expressed in terms of K and
d,, can~also alternatively be expressed in terms of their counterparts
A and d,, using Egs. (A15) and (A21), respectively,

_ip AN
a, = (MR) l/zm, (B4)
and
a 1
kn = aI,AMRan = m (B5)

Like kj, mj, can also be directly expressed in terms of local
modes. As a first step, we can rearrange Eq. (Al5) to obtain
(MR)™! = K™!A; it should be noted that K, A, and M® can all com-
mute with each other, since they are all diagonal matrices with
the same dimensions. Substituting this expression for (M®)™! into
Eq. (B3), we obtain

= [(dK")(Ad))] ™ (B6)

The first term in parentheses, d, K}, can expressed in terms of local
modes and their force constants using Eqs. (B1) and (B2),

[(K Hid)
(K™}
(
= (k

(k) an]"
)" al. (B7)

The second term in parentheses, Ad can also be expressed in a
similar manner using Eqgs. (B4) and (B5),

Ad} = [AT][1][1d]]
= [AAAT)[(MO) 2 ()L A () 7 1d]]
_ AZMR[(MR)—I/ZA—IEIM
= KA[(M®)"2A71d])
= (k) 'KAa,. (BS)
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Substituting the expressions for the two terms into Eq. (B6), we
obtain

my, = [(kf,)fzaI,KAaﬂ]_1
(kn)?
B aI,KAan
(alKa,)?
B aZKAan
(a,[Kfa, )’

= {a/KAJa,)’ (B9)

which can be alternatively expressed using Eq. (A15) as

AMR|a,)?
e = (| AM Jan)” B10
" (an|AMRAJa,) (B10)

Equations (B9) and (B10) provide a set of explicit relationships
between local mode a, and mj,. The latter of the two equations will
be especially useful in our discussion of the mass weighting of local

modes in Appendix C. Lastly, the local frequency of each local mode
can be expressed (in cm™!) as”?

o 1 [k
W, = —\[ —7> Bl11
" 2mc V oml (BL1)

which, using Egs. (B2) and (B9), can be re-expressed in terms of a,,

a 1 (a"|KA|a">

= — . B12
" 2mc {aqK|a,) (B12)

APPENDIX C: MASS WEIGHTING OF LOCAL
VIBRATIONAL MODES

Here, we first apply dimensional analysis to a, and aj,. Based
on this dimensional analysis, which indicates that the vectors are
not mass-weighted, we will construct their mass-weighted analogs
and evaluate their effects on the CNM procedure. M and L refer to
dimensions of mass and length, respectively.

As previously mentioned in Appendix A, the L matrix is dimen-
sionless. To evaluate the dimensions of D, which collects the normal
vectors in internal coordinates, we can consider the aforementioned
relationship between D and L,

D =BL (C1)

For internal coordinate q,, the corresponding B matrix elements are
contained in B,, whose elements can be expressed as

Oqn
Suiq '

Bn,itx = (CZ)
While g, is dimensionless for bond angles and dihedral angles,
[4,] = L for bonds. Therefore, given that [ui] = L, B, is dimen-
sionless for bonds and [B,] = L™' for bond angles and dihedral
angles.

As previously mentioned, d,, is given by

d, =B,L (C3)
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Since L is dimensionless, this expression for d, indicates that
[ds] = [Bu]. Therefore, d, is also dimensionless for bonds and [d,]
= L™! for bond angles and dihedral angles.

The expression for alocal mode vector a,,, given by Eq. (1), indi-
cates that [a,] = [d,]™". Therefore, a, is dimensionless for bonds
and [a,] =L for bond angles and dihedrals. For all three types
of internal coordinates, however, a, does not involve mass as a
dimension. Hence, a, is not mass-weighted.

The linear transformation of a, into aj can be expressed as

ay = La,. (C4)

Since L is dimensionless, [a};] = [ax], so aj is not mass-weighted
either.

From Eq. (A12), we find that the transformation of a mass-
unweighted normal mode to its mass-weighted counterpart is given
as

L= (m) L (C5)

Since 1, is dimensionless and [(mﬁ)_l/z] = M2, it follows that
[i,] = M™% The M™"? dimension of I, is indicative of its mass
weighting. With this in mind, we can construct a mass-weighted
local mode, defined as

a, = (an» (C6)

where ( is a scalar mass-weighting factor. Since a, is dimensionless
for bonds and [a,] = L for angles, we will require the dimensions of
d, tobe [3,] = M~/? for bonds and [4,] = M~/2L for angles. In this
way, @, includes an M~"? dimensional term to account for mass-
weighting, analogous to 1,. With these dimensional constraints in
mind, we find that the dimensions of { must be [{] = M2,

Let { be defined as

C=(m) ™l = (m3) ™ anlan) /. (C7)

To evaluate the dimensions of this expression for {, we can first
examine the expression for mj given by Eq. (B10), which indi-
cates that the dimensions of the local mass can be expressed as
[m&] = [a.]*[M"]. Since [M®] = M, a, is dimensionless for bonds,
and [a,] =L for bond angles and dihedral angles, the dimen-
sions of my are [mj] = M for bonds and [m] = ML* for angles.
In addition, [[as]] = [(as|as)'/*] = [a,]. Thus, the dimensions of
¢ are [¢]=[(m%)72au]] = [me]*[as] = M7/ for all three
internal coordinates, thereby satisfying its aforementioned dimen-
sional requirement.

Substituting the expression for mj [Eq. (B10)] into the
expression for { [Eq. (C7)], we find that

¢ - [ (@AM A} V) .
(ar/AMTa,)
Substituting this expression for  into Eq. (C6), we obtain
JIAMRAla,) 2 (a,la,) 2
o o] (A A0 ) ] )
(an|AM"[a,)
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As previously mentioned, a;, = La,. Since L is dimensionless, it fol-
lows that [a};] = [a,]. Therefore, we can consider a prescription
analogous to Eq. (C6) for mass weighting aj,

a, = (a,
= (Lan
=L(Cay)

=14, (C10)

Since L is dimensionless, we observe from Eq. (C10) that [ay;] = [a,].
Therefore, &, is also mass-weighted. Substituting the expression for
( given by Eq. (C8) into Eq. (C10), we find that

[ (aulAM*Aja,)'/* (anlan) 2

n = Cl1
(@AM a,) (1

We now assess the effects of mass weighting normal and local
modes on the results of the CNM procedure. We can define S~W, an
analog of the S, overlap term [Eq. (3)], which can be expressed as

S = M (C12)
(ay |Ha7 ) (Lu[H[L)

which contains mass-weighted normal and local modes in lieu of
their mass-unweighted counterparts. Equations (A12) and (C10)
indicate that [[,) = (mf)"/?|L,) and |a}) = {Ja).

Therefore, SW can be rewritten as

PN G (5
" (@ Hla) (LH(L)
(an¢[H (my)~1,)°

(¢ HIGay) (L (i) ™2 H] () 21,)

(ay[HL,)*

= R (L o
(an[Has ) (LH]L)

(C13)

Since Sy = Swy» mass weighting has no effect on the overlap between
local and normal modes, so the CNM matrix C, whose elements are
given by Eq. (4), is not affected either. This result is of significance
for the VCCA method, as discussed in Sec. 11 C.
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