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Lagrangian	
  for	
  Vibra'onal	
  
Spectroscopy	
  

•  Lagrangian	
  
–  Difference	
  between	
  kine'c	
  and	
  

poten'al	
  energy	
  descrip'ons.	
  
•  Kine'c	
  Energy	
  

–  3K	
  Cartesian	
  displacement	
  
coordinate	
  velocity	
  ẋ	
  elements.	
  

–  M	
  is	
  a	
  3K	
  symmetric	
  square	
  
matrix	
  of	
  atomic	
  masses.	
  

•  Poten'al	
  Energy	
  
–  3K	
  Cartesian	
  displacement	
  

coordinate	
  x	
  elements.	
  
–  f	
  is	
  a	
  3K	
  symmetric	
  square	
  

matrix	
  of	
  force	
  constants.	
  
•  The	
  dot	
  indicates	
  

differen'a'on	
  with	
  respect	
  to	
  
'me.	
  

    

L(x, !x) =T ( !x) !V(x)

= 1
2
!x†M!x ! 1

2
x†fx
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Cartesian	
  and	
  Internal	
  Coordinates	
  

•  External	
  References	
  
–  The	
  posi'on	
  of	
  the	
  atoms	
  

is	
  with	
  respect	
  to	
  external	
  
reference	
  points	
  such	
  as	
  
the	
  grid	
  of	
  Cartesian	
  space.	
  

•  Internal	
  References	
  
–  The	
  posi'on	
  of	
  atoms	
  are	
  

with	
  respect	
  to	
  other	
  
atoms	
  in	
  the	
  molecule.	
  

–  Atomic	
  posi'ons	
  are	
  
described	
  using	
  bond	
  
lengths	
  and	
  angles.	
  

•  Example	
  of	
  an	
  External	
  
Reference	
  
O 	
  -­‐1.9	
   	
  1.5 	
   	
  0.0	
  
H 	
  -­‐0.9	
   	
  1.5 	
   	
  0.0	
  
H 	
  -­‐2.2	
   	
  2.4 	
   	
  0.0	
  

•  Example	
  of	
  an	
  Internal	
  
Reference	
  
O	
  	
  	
  
H 	
  1 	
  B1	
  
H 	
  1 	
  B1 	
  2 	
  A2	
  

B1 	
  0.96	
  
A2 	
  104.5	
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Displacement	
  Coordinates	
  

•  Displacement	
  Coordinates	
  
–  Cartesian	
  displacement	
  

coordinates	
  are	
  the	
  
difference	
  between	
  a	
  
certain	
  posi'on	
  and	
  the	
  
equilibrium	
  posi'on.	
  

–  Internal	
  displacement	
  
coordinates	
  are	
  the	
  
difference	
  between	
  a	
  
certain	
  internal	
  coordinate	
  
and	
  its	
  equilibrium	
  value.	
  

  

!x = x " xe # x
!r = r " re # r
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Poten'al	
  Energy	
  of	
  Displacement	
  

•  Poten'al	
  Energy	
  
–  Describes	
  the	
  poten'al	
  

energy	
  of	
  a	
  system	
  connected	
  
with	
  springs.	
  

•  Hooke’s	
  Law	
  
–  Analogous	
  to	
  the	
  integrated	
  

Hooke’s	
  Law	
  equa'on	
  with	
  
respect	
  to	
  x.	
  

•  Displacement	
  
–  The	
  poten'al	
  energy	
  is	
  zero	
  

when	
  the	
  atoms	
  are	
  at	
  their	
  
equilibrium	
  distance	
  from	
  
each	
  other	
  and	
  greater	
  than	
  
zero	
  otherwise.	
  

   

V (x) =
1
2

x†fx

F = !kx "V =
1
2

kx 2
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Kine'c	
  Energy	
  of	
  Displacement	
  

•  Kine'c	
  Energy	
  
–  A	
  func'on	
  describing	
  the	
  
kine'c	
  energy	
  of	
  a	
  
vibra'ng	
  molecule.	
  

•  Atomic	
  Mo'on	
  
–  The	
  vibra'ng	
  molecule’s	
  
atoms	
  have	
  a	
  kine'c	
  
energy	
  propor'onal	
  to	
  
the	
  frequency	
  of	
  their	
  
oscilla'ons.	
  

–  Analogous	
  to	
  ½mv2	
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Rela'onship	
  Between	
  Internal	
  and	
  
Cartesian	
  Coordinates	
  

•  The	
  B	
  Matrix	
  
–  Provides	
  a	
  rela'onship	
  
between	
  internal	
  and	
  
Cartesian	
  coordinates.	
  

–  3K	
  –	
  L	
  r	
  internal	
  
displacement	
  
coordinates.	
  

–  3K	
  x	
  Cartesian	
  
coordinates.	
  

–  B	
  is	
  a	
  rectangular	
  3K	
  by	
  	
  	
  	
  
3K	
  –	
  L	
  matrix.	
  

–  It	
  has	
  no	
  inverse.	
  

   

r = Bx

Bni =
!rn (x)
!xi

"
#$

%
&'

x
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Kine'c	
  Energy	
  in	
  Internal	
  Coordinates	
  

•  Kine'c	
  Energy	
  Descrip'on	
  
–  Because	
  there	
  is	
  no	
  inverse	
  of	
  

B,	
  there	
  is	
  no	
  direct	
  way	
  to	
  
convert	
  kine'c	
  energy	
  
descrip'on	
  using	
  M	
  into	
  
internal	
  coordinates.	
  

•  The	
  G	
  Matrix	
  
–  The	
  G	
  matrix	
  is	
  the	
  mass	
  matrix	
  

in	
  internal	
  coordinates.	
  
–  It	
  is	
  a	
  3K	
  –	
  L	
  symmetric	
  square	
  

matrix.	
  
•  The	
  K	
  Matrix	
  

–  The	
  K	
  matrix	
  is	
  the	
  inverse	
  of	
  
the	
  G	
  matrix.	
  

–  It	
  is	
  a	
  3K	
  –	
  L	
  symmetric	
  square	
  
matrix.	
  

    

T ( x) = 1
2
r†Kr

K =G−1 = BM −1B†⎡⎣ ⎤⎦
−1
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Poten'al	
  Energy	
  in	
  Internal	
  
Coordinates	
  

•  Poten'al	
  Energy	
  
Descrip'on	
  
–  3K	
  –	
  L	
  r	
  elements.	
  

•  The	
  F	
  Matrix	
  
–  The	
  force	
  constant	
  matrix	
  

in	
  internal	
  coordinates.	
  

–  3K	
  –	
  L	
  symmetric	
  square	
  
matrix.	
  

–  Each	
  element	
  is	
  the	
  2nd	
  
deriva've	
  of	
  the	
  poten'al	
  
energy.	
  

   

V (r) = 1
2

r†Fr

Fij =
∂2V (r)
∂ri∂rj
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The	
  Euler-­‐Lagrange	
  Equa'on	
  

•  Lagrangian	
  
–  The	
  difference	
  of	
  the	
  kine'c	
  

and	
  poten'al	
  energies.	
  
–  The	
  Lagrangian	
  is	
  a	
  more	
  

kine'c	
  and	
  dynamic	
  
descrip'on	
  versus	
  the	
  more	
  
poten'al	
  and	
  sta'c	
  based	
  
Hamiltonian	
  descrip'on.	
  

•  Euler-­‐Lagrange	
  
–  The	
  dynamics	
  of	
  the	
  vibra'ng	
  

atoms	
  in	
  a	
  molecule	
  can	
  be	
  
found	
  by	
  solving	
  the	
  system	
  
of	
  Euler-­‐Lagrange	
  equa'ons	
  
for	
  i	
  =	
  1,…,3K	
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L(x, x) =T ( x) −V(x)
d
dt

L(x, x)
dxi

− L(x, x)
dxi

= 0



Euler-­‐Lagrange	
  Example	
  

Newton’s	
  Laws	
  of	
  Mo5on	
  

1.  A	
  body	
  in	
  mo'on	
  stays	
  in	
  
mo'on	
  un'l	
  acted	
  upon	
  by	
  
an	
  external	
  force.	
  

2.  A	
  body	
  acted	
  upon	
  by	
  a	
  
force	
  accelerates	
  
propor'onally,	
  F	
  =	
  ma.	
  

3.  Forces	
  between	
  bodies	
  are	
  
equal	
  and	
  opposite,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Fa-­‐b	
  =	
  -­‐Fb-­‐a	
  

Lagrangian	
  Mechanics	
  
•  Lagrangian	
  mechanics	
  is	
  a	
  

different	
  way	
  of	
  mathema'cally	
  
expressing	
  Newtonian	
  mechanics,	
  
but	
  the	
  physics	
  stays	
  the	
  same.	
  

•  The	
  primary	
  advantage	
  of	
  using	
  
the	
  Lagrangian	
  is	
  that	
  it	
  is	
  not	
  
coordinate	
  system	
  dependent.	
  
–  Changing	
  from	
  Cartesian	
  

coordinates	
  to	
  polar	
  coordinates	
  
for	
  some	
  Newtonian	
  problems	
  can	
  
be	
  tedious.	
  

–  As	
  the	
  Lagrangian	
  is	
  not	
  coordinate	
  
system	
  dependent,	
  changing	
  
coordinate	
  systems	
  for	
  a	
  par'cular	
  
type	
  of	
  problem	
  are	
  trivial.	
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Euler-­‐Lagrange	
  Example	
  

•  Principle	
  of	
  Least	
  Ac'on	
  
–  The	
  path	
  through	
  
configura'onal	
  space	
  as	
  
a	
  func'on	
  of	
  'me	
  is	
  such	
  
that	
  “ac'on”	
  is	
  
minimized.	
  

–  The	
  Lagrangian	
  is	
  chosen	
  
such	
  that	
  the	
  path	
  taken	
  
is	
  the	
  path	
  of	
  least	
  
ac'on	
  according	
  to	
  
Newton’s	
  Laws.	
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L(x, !x) =T ( !x) !V(x)

= 1
2

m!x2 !V(x)



Euler-­‐Lagrange	
  Example	
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L(x, x) = 1
2

mx2 −V(x)

d
dt

L(x, x)
dxi

− L(x, x)
dxi

= 0

d
dt

1
2

mx2 −V(x)

dxi

−

1
2

mx2 −V(x)

dxi

= 0



Euler-­‐Lagrange	
  Example	
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d
dt

1
2

mx2 −V(x)

dxi

−

1
2

mx2 −V(x)

dxi

= 0

d
dt

mx −V(x)
dxi

= 0

m
d
dt
x −V(x)

dxi

= 0

mxi +FVi
= FTi

+FVi
= 0

FTi
= −FVi

2nd	
  Law:	
  F	
  =	
  ma	
  

3rd	
  Law:	
  Fa-­‐b	
  =	
  -­‐Fb-­‐a	
  



Euler-­‐Lagrange	
  Equa'on	
  

•  Euler-­‐Lagrange	
  
–  The	
  dynamics	
  of	
  the	
  

vibra'ng	
  atoms	
  in	
  a	
  
molecule	
  can	
  be	
  found	
  by	
  
solving	
  the	
  system	
  of	
  Euler-­‐
Lagrange	
  equa'ons	
  for	
  	
  	
  	
  	
  	
  	
  	
  
i	
  =	
  1,…,3K	
  –	
  L.	
  

–  The	
  vibra'onal	
  Euler-­‐
Lagrange	
  equa'on	
  is	
  found	
  
by	
  subs'tu'ng	
  the	
  
vibra'onal	
  Lagrangian	
  into	
  
the	
  equa'on.	
       

L(r,r) =T (r) −V(r) = 1
2
r†Kr − 1

2
r†Fr

d
dt

∂L(r,r)
∂ri

− ∂L(r,r)
∂ri

= 0

d
dt

∂T (r) +V(r)
∂ri

− ∂T (r) +V(r)
∂ri

= 0

d
dt

∂T (r)
∂ri

− ∂V(r)
∂ri

= 0

Kr +Fr = 0
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Possible	
  Solu'ons	
  
•  Possible	
  solu'ons	
  the	
  Euler-­‐

Lagrange	
  Equa'on	
  
–  System	
  of	
  3K	
  –	
  L	
  solu'ons.	
  
–  νk	
  and	
  ρ	
  are	
  appropriately	
  

chosen	
  constants.	
  
–  λk	
  are	
  vibra'onal	
  eigenvalues	
  

from	
  which	
  the	
  harmonic	
  
frequencies	
  can	
  be	
  determined.	
  

•  The	
  l	
  Vector	
  
–  Contains	
  3K	
  –	
  L	
  normal	
  mode	
  

vectors.	
  
•  The	
  possible	
  solu'ons	
  are	
  

subs'tuted	
  into	
  the	
  
differen'ated	
  form	
  of	
  the	
  
Euler-­‐Lagrange	
  equa'on.	
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Kr +Fr = 0
ri = lik cos(2πνk + ρ)
ri = −λklikri
F − λkK[ ]lik = 0



Normal	
  Mode	
  Vectors	
  

•  Normal	
  Mode	
  Vectors	
  
–  Describe	
  the	
  mo'on	
  of	
  
the	
  vibra'onal	
  normal	
  
modes.	
  

•  Example:	
  Normal	
  
Modes	
  of	
  Water	
  
–  Symmetric	
  stretch.	
  
–  Bending.	
  
–  Asymmetric	
  stretch.	
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Normal	
  Coordinate	
  
•  Normal	
  coordinates	
  refer	
  to	
  the	
  

displacement	
  of	
  nuclei	
  from	
  their	
  
equilibrium	
  posi'ons	
  during	
  a	
  
normal	
  mode	
  vibra'on.	
  

•  A	
  normal	
  coordinate	
  is	
  a	
  linear	
  
combina'on	
  of	
  mass	
  weighted	
  
internal	
  or	
  Cartesian	
  coordinate	
  
displacements.	
  

•  There	
  is	
  a	
  single	
  normal	
  
coordinate	
  for	
  each	
  vibra'onal	
  
normal	
  mode.	
  

•  Normal	
  coordinates	
  are	
  required	
  
for	
  a	
  	
  quantum	
  mechanical	
  versus	
  
classical	
  descrip'on	
  of	
  molecular	
  
vibra'ons.	
  

•  The	
  kine'c	
  and	
  poten'al	
  energies	
  
are	
  summed	
  over	
  i	
  =	
  3K	
  –	
  L.	
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T(Q) = 1
2

!i
!Qi

2"

V(Q) = 1
2

Qi
2"



Basic	
  Equa'on	
  of	
  Vibra'onal	
  
Spectroscopy	
  

•  Basic	
  Equa'on	
  of	
  Vibra'onal	
  
Spectroscopy	
  
–  Provides	
  connec'on	
  between	
  the	
  

3K-­‐L	
  normal	
  mode	
  vectors	
  li	
  and	
  
their	
  frequencies	
  via	
  Λ.	
  

–  Λ	
  is	
  a	
  matrix	
  of	
  which	
  the	
  diagonal	
  
elements	
  are	
  3K-­‐L	
  vibra'onal	
  
eigenvalues	
  from	
  which	
  the	
  
vibra'onal	
  harmonic	
  frequencies	
  
can	
  be	
  determined.	
  

–  E	
  is	
  a	
  unit	
  matrix.	
  
•  Final	
  Equa'on	
  

–  Mul'ply	
  from	
  the	
  lek	
  by	
  K-­‐1	
  which	
  
is	
  G.	
  

–  The	
  bracketed	
  equa'ons	
  are	
  
equivalent.	
  

–  The	
  L	
  matrix	
  contains	
  the	
  normal	
  
mode	
  eigenvectors.	
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F − λkK[ ]lik = 0

GF − λkE[ ]lik = 0

GFL = LΛ
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